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Abstract

Aharoni and Berger conjectured that in every proper edge-colouring of a
bipartite multigraph by n colours with at least n + 1 edges of each colour
there is a rainbow matching using every colour. This conjecture generalizes
a longstanding problem of Brualdi and Stein about transversals in Latin
squares. Here an approximate version of the Aharoni-Berger Conjecture is
proved—it is shown that if there are at least n+ o(n) edges of each colour in
a proper n-edge-colouring of a bipartite multigraph then there is a rainbow
matching using every colour.
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1. Introduction

The research in this paper is motivated by some old problems about
transversals in Latin squares. Recall that a Latin square of order n is an
n X n array filled with n different symbols, where no symbol appears in the
same row or column more than once. A transversal in a Latin square of order
n is a set of n entries such that no two entries are in the same row, same
column, or have the same symbol. It is easy to see that not every Latin
square has a transversal (for example the unique 2 x 2 Latin square has no
transversal.) However, it is possible that every Latin square contains a large
partial transversal. Here, a partial transversal of size m means a set of m
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entries such that no two entries are in the same row, same column, or have
the same symbol. The study of transversals in Latin squares goes back to
Euler who studied orthogonal Latin squares i.e. order n Latin squares which
can be decomposed into n disjoint transversals. For a survey of transversals
in Latin squares, see [1].

There are several closely related, old, and difficult conjectures which say
that Latin squares should have large partial transversals. The first of these
is a conjecture of Ryser that every Latin square of odd order contains a
transversal [2]. Brualdi conjectured that every Latin square contains a partial
transversal of size n — 1 (see [3].) Stein independently made the stronger
conjecture that every n x n array filled with n symbols, each appearing
exactly n times contains a partial transversal of size n — 1 [4]. Because of
the similarity of the above two conjectures, the following is often referred to
as “the Brualdi-Stein Conjecture”.

Conjecture 1.1 (Brualdi and Stein, [3, 4]). Every n x n Latin square has a
partial transversal of size n — 1.

In this paper we will study a generalization of the Brualdi-Stein Con-
jecture to the setting of rainbow matchings in properly coloured bipartite
multigraphs. How are these related” There is a one-to-one correspondence
between n x n Latin squares and proper edge colourings of K, , with n
colours. Indeed consider a Latin square S whose set of symbols is {1,...,n}
with the 4, 7 symbol S; ;. To S we associate an edge-colouring of K, , with
the colours {1,...,n}, by setting V(K,,,) = {z1,...,Tn, Y1, ..., Yn} and let-
ting the edge between z; and y; receive colour \S; ;. Notice that this colouring
is proper i.e. adjacent edges receive different colours. Recall that a matching
in a graph is a set of disjoint edges. We call a matching rainbow if all of
its edges have different colours. It is easy to see that partial transversals
in the Latin square S correspond to rainbow matchings in the correspond-
ing coloured K, ,. Thus the Brualdi-Stein Conjecture is equivalent to the
statement that “in any proper n-edge-colouring of K, ,, there is a rainbow
matching of size n — 1.” Once the conjecture is phrased in this form, one
begins to wonder whether large rainbow matchings should exist in more gen-
eral coloured graphs. Aharoni and Berger made the following generalization
of the Brualdi-Stein Conjecture.

Conjecture 1.2 (Aharoni and Berger, [5]). Let G be a properly edge-coloured
bipartite multigraph with n colours having at least n+ 1 edges of each colour.
Then G has a rainbow matching using every colour.



This conjecture attracted a lot of attention since it was made. A most
natural way of attacking it is to consider graphs which have substantially
more than n + 1 edges in each colour, and show that such graphs have a
rainbow matching using every colour. For example an easy greedy argument
shows that every properly edge-coloured bipartite multigraph with n colours
and at least 2n edges of each colour has a rainbow matching of size n. Indeed,
if the largest matching M in such a graph had size < n — 1, then one of the
2n edges of the unused colour would be disjoint from M, and we could get
a larger matching by adding it. This simple bound has been successively
improved by many authors. Aharoni, Charbit, and Howard [6] proved that
matchings of size |7n/4| are sufficient to guarantee a rainbow matching of
size n. Kotlar and Ziv [7] improved this to [5n/3]. The author proved that
¢n + o(n) is sufficient, where ¢ ~ 1.618 is the Golden Ratio [8]. Clemens
and Ehrenmiiller [9] showed that 3n/2+o0(n) is sufficient. The best currently
known bound is by Aharoni, Kotlar, and Ziv [10] who showed that having
3n/2 + 1 edges of each colour in an n-edge-coloured bipartite multigraph
guarantees a rainbow matching of size n.

Additionally, there are two results showing that just (14 o(1))n edges in
each colour are enough if we place additional assumptions on G. A special
case of a theorem of Haggkvist and Johansson [11] (proved by probabilistic
methods) is that “every bipartite graph consisting of n edge-disjoint perfect
matchings of size n + o(n) edges has a rainbow matchings of size n”. The
author showed that the assumption that the matchings are perfect can be
removed i.e. every bipartite graph consisting of n edge-disjoint matchings of
size n + o(n) edges has a rainbow matching of size n [8].

The goal of this paper is to improve on all previous asymptotic results by
showing that (1 + o(1))n edges are sufficient for all bipartite multigraphs.

Theorem 1.3. For all € > 0, there exists an Ng = Ny(€) such that the
following holds. Let G be a properly coloured bipartite multigraph with n > Ny
colours and at least (14€)n edges of each colour. Then G contains a rainbow
matching using every colour.

The above theorem is the natural approximate version of Conjecture 1.2.
Now the interesting direction for further research is to try and improve the
second order term.

This theorem is proved by associating an auxiliary directed graph with G
and studying certain kinds of paths in the directed graph. Such an approach
was also taken in the author’s previous paper [8], and is substantially refined
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here. In the next section we give an overview of the various components of
the proof of Theorem 1.3.

2. Proof sketch

The proof of Theorem 1.3 is quite long and complicated. The basic idea
is to associate an auxiliary directed graph to G and then study properties
of this directed graph. The directed graph is studied by introducing five
new concepts— “switching paths”, “amidstness”, “reaching”, “bypassing”,
and “A-components”—and then proving many lemmas about these concepts.
Since these concepts are quite foreign, we use this section to give a slow
and detailed introduction to all of them. In particular we motivate some of
these concepts by showing how they relate to the initial undirected graph in
Theorem 1.3.

This section and the main proof of Theorem 1.3 (Sections 3 and 4) can be
read completely independently of one another. All concepts that we introduce
in this section, will be reintroduced during the main proof of Theorem 1.3
(usually more concisely.)

2.1. Associating a directed graph

Let G be a properly coloured bipartite multigraph as in Theorem 1.3,
and let M be a rainbow matching of maximum size in G. Suppose for the
sake of contradiction that M doesn’t use every colour. Aside from [11], all
approaches to Conjecture 1.2 have involved performing local manipulations
on M to try and produce a larger rainbow matching. Here a “local manip-
ulation” on M means choosing some edge m € M and e ¢ M such that
M — m + e is another rainbow matching of the same size as M. The basic
idea of the proof is to perform a sequence of such local manipulations to
obtain a new matching M’ of the same size as M such that there is some
edge which can be added to M’ to give a larger rainbow matching. Since M
was originally chosen to have maximum size, this gives a contradiction.

Thus the main aim throughout the proof is to find a suitable sequence of
local manipulations. A key idea in [8] was that such sequences correspond
to paths in a suitable auxiliary directed graph. The following is the directed
graph which we will use.

Definition 2.1 (The directed graph D¢ ar). Let G have bipartition classes
X and 'Y, Cqg the set of colours in GG, and C)ys the set of colours on M. Let



Xo =X \V(M). For any colour ¢ € Cyy, let m. be the colour ¢ edge of M.
The digraph D¢y corresponding to G and M s defined as follows:

o The vertex set of Dg r 1s the set Cq of colours of edges in G.

o For two colours u and v € V(D¢ ) there is a directed edge from u to
v in Dg y whenever there is a colour u edge from some x € X to the
vertex m, NY.

Figure 1: A graph G, with a matching M, and the corresponding directed graph D¢ as.
The thick vertical edges labelled “M” are the rainbow matching M. All other edges are
denoted by a — h to show which edge of Dg s corresponds to which edge of G. Notice
that the edge g of G doesn’t have a corresponding edge in D¢, p—this is because g doesn’t
go through Y NV (M).

See Figure 1 for a diagram of a bipartite multigraph and the corresponding
directed graph D¢ . Consider the directed path in the D¢y with edge
sequence (h, f,e) and vertex sequence (grey, yellow, pink, green). Notice
that deleting the yellow, pink, and green edges from M and replacing them
with h, f, and e produces a new rainbow matching of the same size as M.
In addition this new matching misses a different colour (green rather than
grey.) This demonstrates that directed paths in D¢y can give the kinds of
local manipulations we are interested in.

However not all directed paths in D¢ ) correspond to sequences of local
manipulations. For example in Figure 1, the directed path c¢,b,a doesn’t
work since the three edges c,b,a in G do not form a matching. In fact it is
easy to check that the only directed paths in Figure 1 which correspond to
the kinds of manipulations we're interested in are sub-paths of (h, f,e).

The previous paragraphs show that while paths in D¢ 3 can capture the
kind of local manipulations we're looking for, not all paths do so. We will add
labels to the edges of D¢ ar in order to be able to describe exactly the kind
of paths we're interested in. The set of labels for edges of D¢ ar is Xo U Ciy
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(where Xg = X \ V(M) and C); is the set of colours of the edges of M.)
If there is a colour u edge in G from z € X to m, NY, then we label the
corresponding edge uv € D¢ by the following rule.

o If x € X{ then the edge uv is labelled by .

o If x € m. € M then wuv is labelled by ¢, the colour of m..

6
X L J —>»—0

1 2 3 4 5 6 7

Figure 2: The same graphs G and D¢ ps as in Figure 1, but now with the edge-labels on
D¢ n- The coloured edges in Dg p are ones labelled by elements of Cjs (or equivalently
the ones labelled by something in V(D¢ ar).) The black edges are ones labelled by elements
of Xy (or equivalently ones labelled by something not in V(Dg ar).)

See Figure 2 for an example of this labelling. One key point to notice is that
the set of labels Xy U C) is not just an ambient set—since V(Dg ) = Ca
an element of Cj; can simultaneously be a vertex of Dg s and a label of
edges in D¢ pr. Formally, an edge-labelled directed graph is defined to be a
directed graph D together with a set Xy with XoNV(D) = () and a labelling
function f : E(D) — V(D) U Xy. The set Xy is called the set of non-vertex
labels in D. We call X, UV (D) the set of labels in D (regardless of whether
D actually has edges labelled by all elements of Xy U V(D)).

Having equipped D¢ as with a labelling, we can define the kinds of paths
we are interested in.

Definition 2.2 (Switching path). A path P = (po,...,pa) in an edge-
labelled, directed graph D is a switching path if the following hold.

e P is rainbow i.e. the edges of P have different labels.

o If pipit1 is labelled by a vertex v € V(D), then v = p; for some 1 <
J <t
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Figure 3: A switching path in a graph D¢ . Replacing the edges of M for the other
pictured edges of G produces a new matching of the same size as M.

In other words a switching path is a rainbow path with a kind of “consis-
tency” property for its edge-labels which are vertices: For every edge e € P
which is labelled by a vertex v, P must pass through v before it reaches e.
Notice that this vertex v is not allowed to be pg, the starting vertex of P.
A consequence of this is that the first edge pop; of P cannot be labelled by
a vertex of D (in the case of D¢ s this means that the first edge of any
switching path must be labelled by something in Xj).

See Figure 3 for an example of a switching path. Notice that this path
does correspond to the kinds of local manipulations of M which we are inter-
ested in i.e if we exchange the edges of M for the edges in G corresponding
to the switching path, then we obtain a new rainbow matching of the same
size as M.

When looking at a switching path in the graph is D¢ s, the vertices of
P correspond to edges of G which we want to remove from the matching
M, and the edges of P correspond to edges of G which we want to add
to M. The two conditions in the definition of “switching path” then have
natural interpretations when one seeks to obtain a new rainbow matching by
switching the edges along P. Asking for the switching path to be rainbow
is equivalent asking for the edges we want to add to M not intersecting in
X (which is needed to get a matching). The second part of Definition 2.2
ensures that when we add an edge to M, its colour was previously removed
from M.

The following exercise makes precise how to modify a matching M using
a switching path in D¢ s starting from a colour outside M.

Exercise 2.3. Let M be a rainbow matching in a graph G, py a colour not in
M, and P = (po,p1,-..,pa) a switching path in Dg . Fori > 1, let m; be
the colour p; edge of M, and for 1 > 0, let e; be the edge of G corresponding



to pipiv1. Show that the following is a rainbow matching missing the colour

Pa-
M—i—eo—m1+61--~—md,1+ed,1—md.

For a solution to the above exercise, see Claim 3.6. Exercise 2.3 is exactly
what we use to try and extend M into a larger matching. If M was chosen to
be maximum, then Exercise 2.3 can be used to show that Dg as possesses a
certain degree property. This and other properties of D¢y will be discussed
in the next section.

2.2. Properties of the directed graph

The labelled directed graph D¢ ps ends up having several properties which
we use in the proof of Theorem 1.3. In this section we go through the
properties which we need. See Figure 4 for examples of some of the features
that D¢ can have.

v )

X
1 2 3 4 5 6 6

Figure 4: Some of the features D¢ ps has. The directed graph D¢ ps doesn’t have multiple
edges, unless they go in different directions (like the two edges labelled 6). At a vertex v,
D¢ ar never has out-going edges with the same label, but it may have in-going edges with
the same label (For example the green vertex has two in-going blue edges.)

For two vertices u,v € DGM it is possible for uv and vu to both be
present in D¢ . For example the two edges between the green and pink
vertices in Figure 4. However it is impossible for the edge uv to appear twice
with different labels i.e. the directed graph Dg js is simple.

Exercise 2.4. Using the fact that G is properly coloured, show that for u,v €
V(Dg,m), there is at most one edge from u to v in D¢ .

For a solution to this exercise, see Lemma 3.2. The labelling on the
directed graph D¢ s is far from a general labelling. We make the following
definitions which generalize proper colouring to directed graphs.
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Definition 2.5. Let D be a labelled directed graph.

e D is out-properly labelled if for any u € V (D), all out-going edges uv
have different labels.

e D is in-properly labelled if for any u € V (D), all in-going edges vu
have different labels.

It turns out that the labelling on D¢ »s is always out-proper.

Exercise 2.6. Using the fact that G is properly coloured, show that Dg ar is
out-properly labelled.

For a solution to this exercise, see Lemma 3.2. The labelling on D¢
is not always in-proper. For example, in Figure 4, the green vertex has two
in-going blue edges. Notice that in Figure 4 this happened because of the
multiple edge in GG. It turns out that this is the only way to have in-going
edges with the same label in D¢ /.

Exercise 2.7. Suppose that G is properly coloured, simple, and M is a
matching in G. Show that Dg p is in-properly labelled.

Recall that the special case of Theorem 1.3 when G is simple was proved
in the author’s earlier paper [8]. The case when G is simple turns out to be
much easier to prove precisely because the directed graph D¢ s associated
to G is both in-properly and out-properly labelled. The reason for the dif-
ficulty of the multigraph case is that dense directed graphs which are not
in-properly labelled do not necessarily have certain connectivity properties.
This difficulty is explained in more detail in Section 2.3.

The other main property of D¢ as which we will need is a degree property
i.e. we will want to know that all vertices in D¢ s have a suitably large
degree. Let Yy = Y \ S be the set of vertices in Y disjoint from the matching
M. From the definition of D¢ ar, notice that every edge e € G corresponds
to an edge of D¢ 5 unless e passes through Y or e € M 2. A consequence of
this is that e(Dgar) = e(G) — |[M| — e(X,Yp). Recall that every colour ¢ in

2The edges of M could be naturally thought of corresponding to loops in D¢ s, but
to keep our analysis to loopless graphs, we won’t do this.



G has (1 + ¢€)n edges. For a colour ¢, let ¢y, be the number of colour ¢ edges
going through Yj. From the definition of D¢y we have

INT(c)| = (1 +€)n — ey, — 1 if M has a colour ¢ edge, (1)
INT(c)| = (1 + €)n — ¢y, if M has no colour ¢ edge. (2)

Here N*(c) denotes the out-neighbourhood of ¢ i.e. the set of x € V(D¢ ar)
with cx € E(Dg ). Notice that (1) and (2) do not by themselves imply that
|NT(c)| is large for any colour c. It is possible that most of the edges of G go
through Yp, making the cy, term dominant in (1) and (2). However the fact
that M is a maximum size rainbow matching does force some colours in G
to have a large out-degree in D¢ . In particular if ¢y is a colour which does
not appear on M, then notice that there cannot be any edges in G between
Xy and Yp—indeed if such an edge existed then it could be added to M to
give a rainbow matching larger than M. Recall that from the assumption of
Theorem 1.3 there are > (1 + €)n colour ¢y edges in G, and at most |[M| < n
of these can intersect X N V(M). The other en colour ¢, edges must go
between X, and Y NV (M), giving [NT(co)| > en.

The above discussion shows that all colours not on M have a high out-
degree in D¢ p. Can we get something similar for the other colours in G7
Recall from Exercise 2.3 that switching paths can be used to give new rainbow
matchings with the same size as M. Using this it is easy to show that any
colour close to cg € M in D¢y has a large degree in D¢ s as well.

Exercise 2.8. Let ¢y be a colour not on M, and ¢ some other colour. Let P
be a switching path from cq to ¢ in Dgar. Then [INT(c)| > en — |P|.

The above exercise is a special case of Lemma 3.7 which we prove later. So
far we have looked at only edges labelled by X, and found that vertices close
to missing colours have many such edges leaving them. For a set of labels L,
define N} (v) to be the set of z € N (v) with vz labelled by some ¢ € L. Under
the assumptions of Exercise 2.8, it is easy to show that |NY (c)| > en — |P|.

We would like to have information about how big N is for sets of labels
L other than Xy. Where could we get such information? In Figure 5, notice
that if M is a maximum matching, then there cannot be any red edges going
from {2,4,9} to Y. Indeed if there was such an edge e then we could look at
the rainbow matching M’ as in Exercise 2.3 (corresponding to the switching
path in Figure 5) and then add e to M’ to get a larger rainbow matching.
Thus if there are red edges in G touching {2, 4,9}, then they must go through
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Y NV(M), and hence must have corresponding edges in D¢ . Since these
edges go from v to NT(v), this would tell us that N*(v) is slightly bigger
than the estimate we have in Exercise 2.8. For just the single path P in
Figure 5, this increase is very small. But if we had a large collection of
switching paths P like the one in Figure 5, then the gains may add up to
give a large improvement on the bound in Exercise 2.8. The next definition
captures what kind of information about the path P in Figure 5 we were
interested in.

Definition 2.9 (Amidst). Let u and v be two vertices in an edge-labelled,
directed graph D, and ¢ a label. We say that ¢ is amidst u and v if there is a
switching path P = (u,p1,...,pa,v) from u to v such that the following hold.

e There are no edges of P labelled by (.

o [f( is a vertex of D then £ € {p1,...,pa,v}.

Figure 5: A switching path P in a graph D¢ pr, and three edges that can be added to get
a larger matching. Notice that the three labels {blue, pink, 9} in D¢ p are amidst grey
and red, as witnessed by the switching path P. The vertices in X of blue and pink are 2
and 4—which are the X-vertices of the corresponding dashed red edges. This shows how
amidstness is used to identify vertices of X through which we can add edges to extend M.
This is the essence of Exercise 2.10.

Notice that in the above diagram, labels which are not amidst a pair of labels cannot be
used for augmenting the matching M. For example, if there was a red edge f from vertex
5 to Yy, then one might hope to switch some edges to free up the red colour and vertex
5 in order to extend the matching by adding f. However this cannot be done because
freeing up vertex 5 and colour red would require yellow to be amidst grey and red. In the
above diagram yellow is not amidst grey and red. (intuitively because in order to free up
red, the yellow edge starting at 6 must be used).

Notice a parallel between each of the two parts of the definitions of
“switching path” and “amidst”: The first parts are about forbidding edges
of a path from having particular labels, whereas the second parts are about
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paths passing through a particular vertex. This similarity is no coincidence
— a path P = (po,...,pq) is a switching path if, and only if, the path
Do, - - -, Pa—1 18 a switching path witnessing the label of p;_1p; being amidst
po and pg_1.

If P is a path as in Definition 2.9, then we say that P witnesses ¢ being
amidst « and v. As an example, the path P in Figure 5 witnesses each of
the labels {blue, pink, 9} being amidst grey and red. Suppose that ¢ € C)y,
is the colour of some edge m in M. By an argument similar to the one in the
previous paragraph, it is possible to show that if / is a label amidst u and v,
and wu is not present on M, then there is no colour v edge from m N X to Y.

Exercise 2.10. Let £, u,v be colours in G with u not in M and ¢ the colour
of an edge m € M. If ¢ is amidst u and v, then there is no colour v edge
frommnNX to Yy inG.

For a solution to the above exercise see Lemma 3.5. The essence of the
solution is in Figure 5 — the dashed red edges are exactly the kind of edges
that Exercise 2.10 is about. If any of them were present in the graph then
they could be augmented to the matching. We now have that given a set of
vertices X’ C X, if all the corresponding labels are amidst u and v, then all
the colour v edges touching X’ in G’ must contribute to N*(v) in D¢ ps. The
following exercise is a strengthening of Exercise 2.8 which takes into account
vertices in X outside X.

Exercise 2.11. Suppose that M misses a colour c*, v is a colour in G, and
A is a set of labels in Dg . which are amidst ¢* and v. Then [N} (v)| >
|A| — | Xo| + en — 1.

For a solution to this exercise, see Lemma 3.7. As remarked before,
this is actually a strengthening of Exercise 2.8. Indeed given a path P as
in Exercise 2.8, notice that if x € X, is a label which does not occur on
edges of P, then x is amidst u and v (witnessed by the path P.) Applying
Exercise 2.11 with A the set of labels in X, and not on P we get | N1 (v)| >
|A| — | Xo| +en—1>en—|P|.

Exercise 2.11 allows us to finally state the method we use to prove The-
orem 1.3. We prove that for any ¢ > 0, there cannot be arbitrarily large
labelled digraphs satisfying the degree condition of Exercise 2.11. The fol-
lowing is an intermediate theorem we prove, which implies Theorem 1.3.
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Theorem 2.12. For all € with 0 < e < 0.9, there is an Ny = Ny(€) such that
the following holds. Let D be any out-properly edge-labelled, simple, directed
graph on n > Ny vertices. Let X be the set of labels which are not vertices
of D

Then for all uw € V(D), there is a vertex v and a set of labels A amidst u
and v, such that [N} (v)| < |A| — | Xo| + en.

We remark that the set A can be an arbitrary subset of V(D) U X, and
that D might not have edges labelled by all elements of A.

Modulo the discussion in this section, it is easy to see that this theorem
implies Theorem 1.3. Indeed suppose that there was a sufficiently large graph
G as in Theorem 1.3. Suppose that a maximum matching M in G doesn’t
use every colour. By Exercises 2.4 and 2.6 we know that the corresponding
digraph Dg s is out-properly labelled and simple. Let ¢* be some colour
outside M. By Exercise 2.11 we know that for any v € V(Dg ), we have
INT(v)| > |A] — | Xo| + en — 1 > |A] — | Xo| + 0.9¢n for any set of labels A
amidst ¢* and v. But this contradicts Theorem 2.12.

We conclude this section by explaining how amidstness can be used to
build switching paths. Recall that a path P = (po,...,pq) is a switching
path if, and only if, the path py,...,ps_1 is a switching path witnessing the
label of pg_1pg being amidst py and py_;. Because of this, labels which are
amidst two vertices u and v have potential to be be used to extend switching
paths. The following exercise makes this precise.

Exercise 2.13. If a label ¢ is amidst x and y and there is some vertex z such
that the edge yz is present and labelled by ¢, then there is a switching path
from x to z.

A version of this exercise is proved in Lemma 4.25. Exercise 2.13 is
important because it is one of the tools we will use to build longer and longer
switching paths.

2.3. The right notion of connectedness

Theorem 2.12 is proved studying connectivity properties of subgraphs of
D. Tt is not immediately apparent why connectivity is useful here. One hint
of it being useful comes from the definition of “amidst”. The first part of the
definition of “amidst” asks for a u to v path avoiding all edges of label ¢. If
there are < k colour ¢ edges then this is a property k-edge-connected graphs
have. The second part of the definition of “amidst” asks for a path going from
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u to v via some other vertex ¢. This is a property which 2-vertex-connected
undirected graphs have (as a consequence of Menger’s Theorem).

The purpose of connectivity in the proof is to find sets of vertices C' C
V(D¢ n) which are highly connected in the following sense—for any pair
u,v € C we have ¢ amidst v and v for most ¢ € C. We can then plug C'
into the assumption of Theorem 2.12 in order to deduce that v has a high
out-degree. Knowing that vertices in C' have high out-degree is then used to
find a set C” which is also highly connected and substantially larger than C.
Iterating this process we get larger and larger highly connected sets, which
can eventually be used to get a contradiction to these sets being smaller than
V(D).

What notion of connectivity should we use? In [8], the following notion
was used.

Definition 2.14. Let W be a set of vertices in a labelled digraph D. We say
that W is (k, d)-rainbow connected in D if, for any set of at most k labels S
and any vertices x,y € W, there is a rainbow x to y path of length < d in D
avoiding colours in S.

This kind of connectivity is useful when the graph G is a simple graph
rather than a multigraph. Recall that if GG is a simple graph then the labelling
on Dg s is both in-proper and out-proper. In [8] it is proved that in any
labelled digraph D there is a highly (k, d)-connected set C with |C| > 01(G)—
o(n) which is a key intermediate result in proving Theorem 1.3 in the case
when G is simple.

When G is a multigraph, then we know that D¢ js is out-properly labelled,
but not necessarily in-properly labelled. Definition 2.14 isn’t the right notion
of connectivity for studying such graphs. It is possible to have an out-proper
labelling of the complete directed graph in which any vertex can be isolated
by deleting just one label. See Figure 6 for an example of such a graph. This
graph is a complete directed graph where every edge xy is labelled by ¢, (for
some label ¢, which only appears on in-going edges to y.) This graph has a
high out-degree but doesn’t have any (1,c0)-connected subgraphs. This is
the issue with using (k, d)-connectedness since we would like high out-degree
graphs to have highly connected subsets.

We introduce a different kind of connectedness, for which the graph in
Figure 6 is highly connected. The following is at the heart of the notion of
connectivity which we use.
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Figure 6: A labelled directed graph whose labelling is out-proper, but not in-proper. Here
all the edge-labels are not vertices. The edge-labelling is such that every vertex v has
a “chosen colour” with all edges directed towards v having the chosen colour. Notice
that deleting all edges having a particular label reduces the in-degree of some vertex to 0,
effectively isolating it.

Definition 2.15 (Reaching). For a vertex v € V(D) and a set R C V(D),
we say that v (k,d,A)-reaches R if for any set S of < k labels, there are
length < d switching paths avoiding S to all, except possibly at most A,
vertices x € R.

Standard notions of connectedness are based on studying when two ver-
tices are connected by a path. “Reaching” is fundamentally different from
these since it is of no use to know that a vertex u reaches another vertex v.
In fact any vertex u (0o, 00, 1)-reaches any singleton {v} (since A = 1, we
can let {v} be the set of A vertices in S to which we don’t need to find a path
in the definition of reaching. More generally, there is nothing to check in the
definition of “reaching” when A > |R|.) Thus “reaching” is only meaningful
when we talk about a vertex reaching a reasonably large set of vertices R.
Notice that the graph in Figure 6 has good connectivity properties with our
new definition.

Exercise 2.16. For the labelled directed graph D in Figure 6 and any k < A,
show that every v € V(D) (k,1,A)-reaches V(D).

To prove Theorem 2.12; we will need to have a fairly deep understand-
ing of “reaching”. This involves first proving several basic consequences of
the definition such as showing that reaching is monotone under change of pa-
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rameters, preserved by unions, and has a kind of transitivity property. These
properties are proved in Section 4.1.

Our main goal when studying “reaching” will be to show that some ana-
logue of connected components exists for the new notion of connectedness.
Recall that a strongly connected component C' in a directed graph is a max-
imal set of vertices in a graph such that for any two vertices z and y in C'
there is a path from x to y. Analogously, in a labelled graph we would like
to find a maximal set C' such that any x € C reaches all of C' for suitable
parameters. This notion of a maximal reached set seems a bit hard to work
with, so we will instead deal with the following approximate version.

Definition 2.17 ((k,d, A, ~, k,d, A)—component). AsetC C V(D) isa(k,d,
A, 7)-component if for any vertex v € C, there is a set R, with |R,AC| < én
such that the following hold.

(i) v (k,d,A)-reaches R,.
(11) v doesn’t (IA@ d, A)-reach any set R disjoint from R, with |R| > ~n.

In other words a (k,d, A, , /Ac, ci, A)—component is a set C' such that every
vertex v € C reaches most of C' and doesn’t reach any large set outside C'. It
is not at all obvious that (k,d, A,, k.d, A) -components exist for particular
parameters k,d, A, ", k: d A. An important intermediate lemma we prove
in Section 4.2, is that for given k,d, A,~, there is a (k:’,d’,A’,’y,k:’,d’,A’)
component for new parameters k', d’, A',~', k', d’, A’ close to k,d, A, .

We make a remark about how constants will be dealt with throughout
this paper. Looking at the definitions of “(k,d, A)-reaches” and “(k,d, A, ~,
12:, ci, A)—component”, they look a bit scary because of the large number of
parameters there are in each definition. In the actual proof of Theorem 2.12
in Section 4 this won’t be the case because we introduce a single parameter,
A, which will control each of the parameters k,d, A ”y,k d,A. Formally,
in Section 4 we define seven explicit functions ke()\), de(N), Ac(A), 7e(N),
k(N\), d(X\), and A.(\) depending on e (which is the constant given in the
statement of Theorem 2.12.) Then we say that v A-reaches a set R if v
(ke(A), de(N), Ac(N))-reaches R, and that a set C' is a A\-component if C is
a (ke(N), de(N), Ac(N), 7e(N), ke(A), de(N), Ac(X))-component. The advantage
of this is that it means that only one parameter, A, needs to be kept track
of between the various lemmas that we prove. This makes the high level
structure of the proof of Theorem 2.12 easier to follow.

We mention a final definition which we use in the paper.
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Definition 2.18 (Bypassing). For a vertez v € V(D) and a set B C V(D),
we say that v (k,d, A, ~)-bypasses B if v doesn’t (k,d, A)-reach any set R
contained in B with |R| > yn

The significance of the above definition is that part (ii) of the definition
of (k,d,A,~,k,d, A)-component can be now rephrased as “v (k,d,A,~)-
bypasses V(D) \ R,”. Thus the notion of bypassing is important because
it eases the study of (k,d, A,~, k.d, A)—components.

Recall that at the start of the section we said that the reason for using
connectedness is to be able to study “amidstness”. It is not immediately
apparent how the definitions we introduce do this. With a bit of work it
is possible to prove that in a (k,d, A, ~, ];7, (f, A)—component C, most triples
(u,c,v) € C'x C x C have ¢ amidst u and v.

Lemma 2.19. For e > 0, D a sufficiently large labelled directed graph, and
C a (k,d, A5, k, d, A)-component in D for suitable k,d, N, v, k,d, A, there
are at least |C'|3 (en)? triples (u,c,v) € C x C x C with ¢ amidst u and v.

The above lemma is an easy consequence of Lemma 4.26 which we prove
in Section 4.3. The full Lemma 4.26 will say a bit more, giving information
about the structure of triples (u,c,v) € C x C' x C' with ¢ amidst u and v.

2.4. An overview of the proof of Theorem 2.12

Here we give a high level overview of the strategy of the proof of Theo-
rem 2.12. The proof begins by supposing for the sake of contradiction that
there is a vertex u € V(D) such that for every vertex v and a set of labels A
amidst « and v we have [N} (v)| < |A| —|Xo| +en. The proof of the theorem
naturally splits into three parts.

1. Find (k;, d;, A, s, l%i, CZZ-, Ai)-components Co, ...,C,, for suitable pa-
rameters such that C;NC; 1 # (). In addition we find a short switching
path from wu to each C;. This is done as follows:

1.1 Prove lemmas along the lines of “for any vertex v and parameters
k,d, A,~ there are complementary sets R, and B, such that v
(k',d', A")-reaches R, and doesn’t reach anything in B, for suit-
able parameters k', d', A’ close to k,d,A. This is performed in
Lemmas 4.13 and 4.14.
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1.2 Show that reaching has a transitivity property: If v reaches a
sufficiently large set R and every vertex in R reaches a set R/,
then v reaches R’. This is performed in Lemma 4.11.

1.3 Choose a vertex v with the set R, from part 1.1 as small as possi-
ble. Using transitivity, it is possible to show that for most vertices
u € R, we have that |R, A R,| is small. By letting C' = R, minus
a few vertices it is possible to get a single component of the sort
we want. This is performed in Lemma 4.18.

1.4 By iterating 1.3, we can get the sequence of components Cy, ...,
Cy, which we need. This is performed in Lemma 4.22.

2. We show that if C'is a (k,d, A,~, k,d, A)—Component close to u, then
either any v € C (K, d', A’,v')-reaches some set R with |R| > |C|+(e—
o(1))n for suitable parameters or the conclusion of Theorem 2.12 holds
for some A C C'U X,. The formal statement of this is Lemma 4.32.
This step is performed as follows:

2.1 We show that for most triples (u,c,v) C C x C' x C, ¢ is amidst
uw and v. This is performed in Lemma 4.26.

2.2 Let R be the set of z € V(D) for which there are a lot of triples
(u,c,v) such that vz is an edge labelled by ¢ and ¢ is amidst u
and v.

2.3 The vertex v ends up (k’,d', A’)-reaching R as a consequence of
2.1. This is performed in Claim 4.34.

2.4 Use the assumption of Theorem 2.12 applied to a suitable subset
of C'U Xy together with Lemma 2.19 to show that |R| > |C| +
(e — o(1))n. This is performed in Claims 4.35 and 4.36.

3. Combining parts 1 and 2 and the definition of (k, d, A, v, k, d, A)-
component we obtain that |Ciy1]| > |C;| + (e — o(1))n for every C; from
part 1. If the number of components m > ¢! this gives a contradiction
to |Cn| < |V(D)| = n.

2.5. An example

In this section we give an illustrative labelled directed graph and explain
how the proof of Theorem 2.12 works for that particular graph.
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Figure 7: The labelled, directed graph Dj ;.

For a fixed € > 0 and t < €', we define a directed graph Dy as follows:
D, has n = st vertices split into ¢ disjoint classes V1, ..., V; each of size s with
Vi ={vi4,...,vs;}. The set of non-vertex labels in D;; is Xo = {z1, ..., 7}
All the edges are present in G going in both directions. Each vertex in G
has it’s own “chosen label” with all edges directed towards the vertex having
that label (much like the graph in Figure 6.) For ¢ # 1 and any vertex u,
the edge uv;; has label v;,_;. For a vertex u and a vertex v;; € Vi, the edge
uv;; has label z;.

Because of the simple structure the graphs D,, have, it is possible to
describe all switching paths, reached sets, bypassed sets, and components in
these graphs.

Exercise 2.20 (Switching paths in Dy;). A directed path P = (po,p1,- - -, Pd)
is a switching path if, and only if, “v,;; = px € V(P) = vji—1,...,0;1 €
{p17 s 7pk71}”~

Exercise 2.21 (Amidstness in D).

o A vertex v,y is amidst vertices v.q and vy if, and only if, b,d # [ and
Va,b 7é Ve,d-

o A label z, is amidst vertices v.q and v s if, and only if, b,d # f.
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In each of the next three exercises we give a necessary condition and a
sufficient condition for a set to be reached, bypassed, or be a component.
Although the necessary conditions and a sufficient conditions which we give
are not exactly the same, they are always quite similar. Thus the next three
exercises should be seen as giving a near-characterization of sets which are
reached, bypassed, and components in D ;.

Exercise 2.22 (Reaching in D, ;). Let v € V(Ds;) and R C V(Ds,).
o [fv (k,d,A)-reaches R then |R\ (V;U---UVy)| < A.
o IfIR\(ViU---UVy| <A—(k+1)d, thenv (k,d,A)-reaches R.

Exercise 2.23 (Bypassing in D). Let v € V(Ds;), B C V(Ds,), and
A> (k+1)d.

o Ifu (/%,cZ,A,y)—bypasses B then |IBN (V4 U---UVy)| < yn.
o IfIBN(VIU---UVy| <yn— A, then v (l%,cz,A,v)-bypasses B.

Exercise 2.24 (Components in D,,). Let C C V(G), €n > max(yn, A, A),
A>(k+1)d, A>(k+1)d, andd < d

o IfCisal(k,d A, ~, l;:, d, A)-component then |CA(VLU---UVy)| < 8€e3n.
o If|CA(VLU---UVy)| < én then Cis a (k,d, A, ~, k, d, A)-component.

Using Exercise 2.21 we can check that Thereom 2.12 holds for the graphs
D, ;. To see this notice that for any pair of vertices v, and v, 4 for b # d and
any set of labels A with AN{wv;p,v;4:7=1,...,s} =0 we have A amidst v,
and v, 4. Notice also that [N (v)| = |A| or |A| — 1 for every vertex v and set
of labels A. Finally, recall that | Xy| = s > en. Thus we see that for a given
vertex u = v, the conclusion of Thereom 2.12 holds by choosing v = v, 4 for
d # b and A any set of labels disjoint from {v;, v;q:7=1,...,s} with |A] >
n (for example we could take A = V/(D,;) U Xo \ {vip,via:i=1,...,5}.)

This example teaches us an important lesson. It is not hard to see that
if A is amidst v and v and satisfies |NJ (v)| < |A| — | Xo| + en then |A| > n
must hold. From this we see that any proof of Theorem 2.12 for the graph
D, must “find” a very large set of labels A amidst some pair of vertices.
In the remainder of this section, we explain how the strategy in Section 2.4
finds such a set A.
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In Part 1 of the overview in Section 2.4, the proof finds (k;, d;, A;, i, l%l, cZ,,
A, i)-components Cy, ..., Cy, for suitable parameters such that C; N Ciyy # @
Here “suitable parameters means that m > 1, that d;, A;, v, dz, and A,
increase with i while k; and k; decrease with i. For the sake of argument, let us
consider what happens when m = € 4 d; = d; = i,y =€, N\; = A, = 2im,
and k = k = m—i. For these values, Exer(nse 2.24 tells us that fori =1,...,t
we must have |C; A (VU ---UV;)| < 8n and that fori:t+1,...,m we
have |C; A (Vi U---UV})| < 8n.

In Parts 2 and 3 of the overview in Section 2.4, it is shown that if C' is
a component close to wu, then either any v € C (k',d', A’,~)-reaches some
set R with |R| > |C| + (e — o(1))n for suitable parameters or the conclusion
of Theorem 2.12 holds for some A C C'U Xy and v € C. Testing this
for the components Cy, ..., C,, from Part 1, we see that for i = 0,...,t —
1, there is a set R such that v (k;,d; + 1, A;,~;)-reaches some set R with
|R| > |C| + (¢ — o(1))n (namely we can take R = V4 U--- U V;4y.) On
the other hand for ¢+ = t¢,...,m such a set R doesn’t exist, so Part 2 would
imply that the conclusion of Theorem 2.12 holds for some A C C; U X,
and v € C. If u = v, then we see that this is indeed the case with e.g.,
A=CiUXo\ {1300, Vics---,Uea} and v = v,

Notation

For standard notation we follow [12]. A path P = (po,p1,...,p4) in a
directed graph D is a sequence of vertices pg, p1, - - ., pg such that p;p;.1 is an
edge for i =0,...,d—1. The order of P is the number of vertices it has, and
the length of P is the number of edges it has. We'll use additive notation
for concatenating paths i.e. if P = (p1,ps,...,p;) and Q = (pi, Div1,---Dd)
are two internally vertex-disjoint paths, then we let P + () denote the path
(p1p2 - .. pa). Throughout the paper, all directed graphs will be simple mean-
ing that an edge zy appears only at most once. We do allow both of the
edges xy and yx to appear in the directed graphs we consider. For clarity we
will omit floor and ceiling signs where they aren’t important.

Our digraphs are always simple i.e. they never have two copies of an edge
going from a vertex u to a vertex v. A digraph is out-properly labelled if all
out-going edges at a vertex have different labels. For a vertex v in a digraph,
the out-neighbourhood of v, denoted N (v) is the set of w € V(D) with vw
an edge of D.

Throughout the paper we will deal with edge-coloured undirected graphs
and edge-labelled directed graphs. The difference between the two concepts
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is that in an edge-coloured graph, the set of possible colours is just some
ambient set, whereas in an edge-labelled digraph D the set of possible labels
is V/(D)U Xy where V(D) is the set of vertices of D (and X is some ambient
set unrelated to D.) Formally, an edge-labelled directed graph is defined to
be a directed graph D together with a set X, with Xo N V(D) = 0 and a
labelling function f : E(D) — V(D) U X,. The set X, is called the set of
non-vertex labels in D. We call XoU V(D) the set of labels in D (regardless
of whether D actually has edges labelled by all elements of X, U V(D)).

Throughout the paper we will always use “G” to denote a coloured bi-
partite graph with parts X and Y and M a rainbow matching in G. We'll
use Cg to denote the set of colours in GG and C'; to denote the set of colours
in M. We'll use V(M) to mean the set of vertices contained in edges of M,
and Xo =X\ V(M) and Yy =Y \ V(M) to denote the vertices in X and YV
outside M. For a colour ¢ € C);, we use m, to denote the colour ¢ edge of
M.

3. From bipartite graphs to directed graphs

In this section we show how go from the Aharoni-Berger Conjecture to
a problem about edge-labelled digraphs. We define a directed, edge-labelled
digraph D¢ s corresponding to a coloured bipartite graph G and a rainbow
matching M in G.

Definition 3.1 (The directed graph D¢ ). Let G be a coloured bipartite
graph with parts X and Y and n colours. Let M be a rainbow matching in
G. Let Xo = X \ V(M) be the subsets of X disjoint from M. Let Cg be the
set of colours used in G and Cypy C Cg be the set of colours used on edges
in M. For a colour c € Cy;, we let m. denote the colour ¢ edge of M. The
labelled digraph D¢ ar corresponding to G and M is defined as follows:

o The vertex set of Dg v 1s the set Cq.
o The edges of D are be labelled by elements of the set Xo U C)y.

o For two colours w and v € V(D¢ ) and a verter v € X, there is a
directed edge from u to v in Dg whenever v € Cyy and there is a
colour u edge from x to m, NY.

— If x € Xq then the edge uv is labelled by x.
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— If x € m. € M then uv is labelled by c, the colour of m..

Notice that every edge e € F(G) corresponds to at most one edge of
D¢ . There are two types of edges in G which do not correspond to edges
of D¢ i Edges going through Y do not appear in D¢ 5, and also the edges
of M do not appear in D¢ js either. Thus the edges of D¢ jr are naturally in
bijection with the edges of G[X UV (M)]\ M. Also notice that if ¢ & Cy; is
a colour which doesn’t appear in M, then the in-degree of ¢ in D¢ ps is zero.

For any set L of labels in D¢ s we define a corresponding set (L)x of
vertices in X as follows. For a colour ¢ € C)y; we define (¢)x to be m.N X
where m,. is the colour ¢ edge of M. For any vertex x € X, we set (x)x =
{x}. For L a set of labels of D¢, we define (L)x = Uyep () x ie. (L)x is
the subset of L consisting of vertices in X, together with M’ N X where M’
is the subset of M consisting of edges whose colour is in L.

Notice that with the above definition, if xy is an edge of G and ¢ is the
label of the corresponding edge of Dg¢ ar, then we always have ({)x = =.
Conversely if uv is an edge of D¢ s labelled by ¢, then the corresponding
edge of G goes from (¢)x to m, NY. Also notice that |(L)x| = |L| for any
set of labels of D¢ .

It turns out that if G is properly coloured, then D¢ s is out-properly
labelled and simple.

Lemma 3.2. Let G be a properly edge-coloured bipartite graph and M a
matching in G. Then the directed graph D¢y ts out-properly labelled and
simple.

Proof. Suppose that uv and uv’ are two distinct edges of D¢ ps with the same
label ¢. By definition of D¢ »s they correspond to two edges of the form () xy
and (¢)xy’ of G having colour u, where y = m, NY and y = m, NY. But
this contradicts the colouring of G' being proper.

Suppose that D¢ ps is not simple i.e. an edge uv occurs twice with dif-
ferent labels ¢ and ¢'. This corresponds to two edges of the form (¢)yy and
(¢')xy of G having the same colour u (where y = m, NY.) But this contra-
dicts the colouring of G being proper. m

We now come to the central objects of study in this paper—switching
paths. Switching paths in a labelled digraph D are rainbow paths which
have a kind of “consistency” property for the edges they contain which are
labelled by vertices of D.
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Definition 3.3 (Switching path). A path P = (po,...,pq) in an edge-
labelled, directed graph D is a switching path if the following hold.

e P is rainbow i.e. the edges of P have different labels.

o If pipit1 is labelled by a vertex v € V(D), then v = p; for some 1 <
J<i.

Another key definition in this paper is of a label being amidst two vertices.

Definition 3.4 (Amidst). Let u and v be two vertices in an edge-labelled,
directed graph D, and c a label. We say that c is amidst uw and v if there is a
switching path P = (u,p1,...,pa,v) from u to v such that the following hold.

e There are no edges of P labelled by c.
o [fcis avertex of D then c € {p1,...,pa,v}.

If P is a path as in Definition 3.4, then we say that P witnesses ¢ being
amidst u and v. Notice that like in the definition of “switching path”, in
the second part of the definition of “amidst” the vertex c is required to be
a non-starting vertex of P. Also notice that if there is a switching path P
from w to v with |P| > 2, then v is amidst u and v, as witnessed by P.

The following lemma establishes a link between a matching M being max-
imum in a graph G and the behavior of switching paths in the corresponding
digraph D¢y

Lemma 3.5. Let G be a properly coloured bipartite graph with parts X and
Y and M a mazimum rainbow matching in G.

Suppose that M misses a colour ¢* and a is a label in Dgr which is
amidst ¢* and some v € V(Dg ). Then there is no colour v edge in G from
(a)x to Yo=Y \V(M).

Proof. Suppose for the sake of contradiction that a colour v edge (a) yy exists
for y € Yy. Let P be a switching path witnessing a being amidst ¢* and v.
Let po, p1, ..., pr be the vertex sequence of P with py = ¢* and p, = v. For
1 < i <k, let m; be the edge of M with colour p;. Such edges exist since
the in-degree of p; is positive for i > 1. For 0 < i < k — 1 let ¢; be the label
of p;piv1 and define x; = (¢;)x. For 0 < i < k — 1 let e; be the edge of G
corresponding to the edge p;p;y1 of Dg s i.e. e; is the colour p; edge going
from x; to m;z1 NY.
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Claim 3.6. Let M' = M U {eq,...,ex—1} \ {m1,...,mp}. Then M’ is a
rainbow matching in G of size | M| missing the colour v.

Proof. First we show that M’ is a rainbow set of edges missing the colour v.
Notice that for each i > 1, e; and m; both have colour p;. Also the edge ey has
colour py = ¢*. Since M is rainbow and missed colour ¢*, M \ {my,...,my}
is rainbow and misses the colours ¢*, p1, ..., pr. Therefore M’ is rainbow and
misses colour p, = v.

It remains to show that M’ is a matching. Notice that M\ {mq,...,my}
is a matching as a consequence of M being a matching.

Next we show that {eg,...,ex_1} is a matching. Since P is a switch-
ing path, its edges have different labels, which is equivalent to the vertices
Xo,...,Tp_1 being distinct. Also, since P is a path, the vertices pi,...,px
are distinct which implies that the edges my, ..., my are also distinct. Since
e; goes from x; to m;y1 NY, these imply that for distinct ¢ and j we have
e;Nej=10.

Finally we show that e, Mm = 0 for 0 < ¢ < k—1 and m € M\
{myq,...,my}. Suppose that e; NmNY # (. Then since e; NY =m;,1 NY,
we have m = m;,; which contradicts m € M \ {my, ..., my}. Suppose that
e;NmN X # 0, or equivalently e; "m N X = {x;}. Then x; € V(M) which
is equivalent to ¢; € V(D¢ ). In particular we find out that ¢; is a colour
in G (rather than a vertex of Xj.) Recall that ¢; is the label of the edge
pipir1 of P. Using the definition of P being a switching path, we get that
¢; = pj for some 1 < j < 4. Then m; is the colour ¢; edge of M which
gives x; = (¢;)x € m; N X. This implies that m = m; which contradicts
me M\ {my,...,my}. O

We claim that (a)x ¢ V(M’). Since a is amidst ¢* and v, we have that
a doesn’t appear on edges of P, which implies (a)x # x; for 0 <i < k — 1.
This shows that (a)x is disjoint from eq, ..., ex_1. If a € Cyy, then we have
a € Xo and so (a)x & V(M) which gives (a)x € V(M'). If a € Cy, then
since a is amidst ¢* and v, we have that a = p; for some 1 < ¢ < k. This
gives (a)x = m; N X which implies that (a)x & V(M \ {m,...,ms}) and
hence (a)x & V(M').

Now we have that neither of the vertices (a)x or y are in M’, and also
M’ misses colour v. Thus M’ + (a)xy is a rainbow matching of size |M’| + 1
contradicting the maximality of M. O]
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For a set of labels L in a labelled digraph D, define
N/ (v) = {w € NT(v) : vw is labelled by some ¢ € L}.

Notice that from the definition of D¢ 5s, we have that [N/ (v)] is exactly the
number of colour v edges in G' going from (L \ {v})x to Y NV (M).

The following corollary of the above lemma shows that if we have a graph
G with a maximum matching missing some colour, then the corresponding
digraph D¢ )/ satisfies a degree condition.

Lemma 3.7. Let GG be a properly coloured bipartite graph with parts X and
Y, M a mazximum rainbow matching in G, and Xo = X \ V(M).
Suppose that M misses a colour ¢*, v is a colour in G with |M| + k

edges, and A is a set of labels in Dg p which are amidst ¢ and v. Then
[N ()] = [A] = [Xo| + &k — 1.

Proof. Suppose for the sake of contradiction that | N} (v)| < |A]—|Xo|+k—1.
Since [(A) x| = |A|, there are exactly |M|+ | Xo| — |A] vertices in X outside
(A)x. The number of colour v edges touching (A\ {v})x in G is > |M|+k—
5V (AN {0})x] 2 [M] 4+ k— X\ (A)x| — 1= |A] — [ Xo| 4k —1 > [N (0)].
Since | N (v)| equals the number of colour v edges between (A \ {v})x and
YNV (M) we obtain that there is a colour v edge from some (a)x € (A\{v})x
toy € Yo =Y \ V(M). But, by definition of A we have a amidst ¢* and v,
contradicting Lemma 3.5. O

The above lemma produces a directed graph with a degree condition. In
the remainder of the paper we show that this degree condition is almost too
strong to hold. We show that if k is linear in |G| for every vertex v and |G|
is sufficiently large, then no digraphs satisfying the conclusion of Lemma 3.7
exists. This is equivalent to there being no graphs with a maximum matching
M satisfying the assumptions of Lemma 3.7 i.e. we obtain that any maximum
matching in such a graph must use every colour.

4. Connectivity of labelled, directed graphs

The goal of this section is to prove the following theorem. Together with
Lemmas 3.2 and 3.7, it immediately implies Theorem 1.3.

Theorem 4.1. For all € with 0 < € < 0.9, there is a Ny = Ny(€) such that
the following holds. Let D be any out-properly edge-labelled, simple, directed
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graph on n > Ny vertices. Let X, be the set of labels which are not vertices
of D

Then for all uw € V(D), there is a vertex v and a set of labels A amidst u
and v, such that [N} (v)| < |A] — | Xo| + en.

Throughout this section, for a set of vertices S in a graph D we denote
the vertex-complement of S by S = V(D) S.

For a path P, define a corresponding set of labels P consisting of labels
which are either vertices of P or labels of edges of P. Formally P =V (P)U
{¢ : ¢ is the label of some e € E(P)} denotes the set of labels consisting of
V(P) together with the set of labels of edges of P. For a path of length d,
we will often use the bound |P| < 2d + 1 < 3d. For a set of labels S and a
path P starting at a vertex v, we say that P avoids S if SN P C {v} ie.
P has no edges labelled by elements of S and P has no vertices in S ezcept
possibly the starting vertex v.

The condition that S is allowed to contain the starting vertex of P in
the definition of “avoids” may seem strange. We have this condition since it
makes many of the arguments in this paper neater. In particular, it allows
us to cleanly concatenate switching paths with the following lemma.

Lemma 4.2. Let P = (po,p1,-.-,pt) and Q = (p,Ps1,---,Ps) be two
switching paths in a labelled digraph D. If Q avoids P then P + Q) =
(p1, D2, - -, Ps) 1S also a switching path.

Proof. To see that P 4 (@ is rainbow, notice that P and () are rainbow and
that ) shares no edge-labels with P since () avoids P. To see the second
part of the definition of P + () being a switching path notice that if p;p;,; is
labelled by v € V(D), then depending on whether v € P or v € () we have
v=pjforl1<j<iorv=p;fort+1<j < m

Another consequence of the definition of “avoids” is that for any set of
labels S, a single vertex path P = v is a path from v to v avoiding S.

The proof of Theorem 4.1 involves lots of constants. The first constant
which we use is e which is the constant given to us by Theorem 4.1. Through-
out the section it is best to fix € with 0 < € < 0.9, and to read everything
that we do as a proof of Theorem 4.1 for that particular e.

Next we introduce three numbers Ny, Anax and 6 depending on € whose
relationship is NO_1 < Ml <« § <« e. The number Ny will be the N, in

max
Theorem 4.1, while A\, and § are just two numbers with no special meaning.

27



Amex
We set Amax = 4 and & = €3. For an integer x let twr(z) = Api&*  be the
tower function, where there are z exponentiations. Set Ny = twr(2Aax)-

Next for any A € N, we define four numbers dy, k), Ay, and 7,. These
numbers will control the variables in our definition of connectedness and
will allow us to define “reaching” and “components” using just one param-
eter (rather than using four as in Section 2.3.) The specific definitions
of dy, ky, Ay, and 7, are not too important—the intuition is that for any
A € [1, Apax] we have

Amax Kdy < by < Ay < 77 < Ny,
dy+1 > dy, ka1 < ky,
Ayi1 > Ay, Mar1 K Va

Notice that some sort of upper bound on A is necessary for all the above to
hold since dyy1 > dy, kxi1 < k), and d) < k) cannot simultaneously hold
for all A € N. Because of this, in all our lemmas we will make sure that \ is
in the range 1 < A < A\

For specific dy, kx, Ay, and 7, with which our proofs work, define

dx = Amax - 4)\7
Ky = Ay (4¥max — rmaxcd),
Ay = twr(A),

T = twr(A 4+ 2)71

To prove Theorem 4.1 we will need a careful understanding of the switch-
ing paths in a labelled digraph. We will study switching paths via a new
notion of connectedness which we now introduce. The following is the heart
of the notion of connectedness that we study.

Definition 4.3 (A-reaching). For a vertex v in a labelled digraph D and a
set R C V(D), we say that v A-reaches R if for any set S of < ky labels,
there are length < dy switching paths avoiding S to all, except possibly at
most Ay, vertices x € R.

Notice that v A-reaches a set R exactly when it (ky, dy, Ay)-reaches R, as
defined in Section 2.3. To complement the notion of “reaching” we introduce
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a notion of “bypassing”. Informally a set B is bypassed by a vertex v if v
doesn’t reach anything big inside B.

Definition 4.4 (A-bypassing). For a vertex v in a labelled digraph D and a
set B C V(D), we say that v A-bypasses B if v doesn’t A\-reach any R C B

The third key definition is that of a A-component. Recall that when
studying ordinary undirected graphs a connected component C'is a set where
every pair x,y € C is connected by a path, and no pair x € C,z ¢ C is
connected by a path. Intuitively a A-component is similar to this, with “every
pair” replaced by “almost every pair” and “no pair” replaced by “almost no
pair”.

Definition 4.5 (A-component). A set of vertices C' in a labelled digraph D
is a A-component if for any vertex v € C, there is a set R, C V(D) with
|R, A\ C| < on such that the following hold.

(i) v A\-reaches R,,.
(i) v (A — 3)-bypasses R,,.

Notice that for a labelled digraph D it is far from clear that A-components
exist in D. Section 4.2 will be devoted to proving that every properly labelled
digraph D, has A-components for suitable .

4.1. Basic properties

Here we establish many basic properties of A-reaching, \-bypassing, and
A-components. The first property is that reaching or bypassing a set W
is preserved by passing to a subset of W, and by moving A in a suitable
direction.

Observation 4.6. Let D be a labelled digraph, v € V(D), R,B C V (D),
and A € N.

(i) Monotonicity of reaching: Let A\t > X\ and R~ C R. Then v
A-reaches R = v At-reaches R™.

(ii)) Monotonicity of bypassing: Let A=~ < X\ and B~ C B. Then v
A-bypasses B = v A\ -bypasses B~ .
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Proof. For (i), let S be a set of ky+ labels. Since ky+ < k) and v A-reaches
R, there are length < d, switching paths from v to all except at most < A
vertices in R. Since dy+ > dy and Ay+ > A,, these same paths give length
< dy+ switching paths from v to all except at most < A+ verticesin R~ C R.

For (ii), let R be a subset of B~ which is A~-reached by v. Since A > A~
by part (i) we know that v A-reaches R. Since R C B~ C B and v A-bypasses
B, we get that |R| < v,|D|. Since v\~ > v\ we get that |R| < y,-|D|. Since
R was an arbitrary subset of B~ which is A™-reached by v, we have proved
that v A™-bypasses B~. O]

Since the above observation is extremely fundamental and basic we will
not always explicitly refer to it throughout its many applications. The next
observation provides trivial conditions for sets to be reached or bypassed by
a vertex.

Observation 4.7. Let D be a labelled digraph, X, the set of non-vertex labels
in D,veV(D), R,BCV(D), and X\ € N.

(i) Reaching small sets: |R| < Ay = v A-reaches R.
(ii) Bypassing small sets: |B| < v\|D| = v A-bypasses B.

(i1i) Reaching neighborhoods: If D is out-properly labelled then v 3-
reaches N (v).

Proof. For (i), we can take the family of paths for the definition of v A-
reaching R to be empty. For (ii), notice that every subset R C B has
|R| < |B| < 7,|D| regardless of whether R is reached by v or not.

For (iii), notice that Ag > k3. Let S be aset of < k3 labels. Notice that for
every y € N;O\S(v)\S, the edge vy is a length 1 < d3 switching path from v to
y avoiding S. Since D is properly coloured we have | Ny, (v)\(Ny,, 4(v)\S)| <
|S| < k3 < Ag, and so we have enough paths for the definition of v A-reaching
Ny, (v). O

Observation 4.6 shows that if R is A-reached by v, we can pass to a subset
of R and still have it A-reached. We will sometimes want to increase the size
of a set R and know that it is still reached by v. The following lemma shows
that we can add the vertex v itself to R and still know that RU{v} is reached
by v with the same parameter .
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Observation 4.8 (Reaching one more vertex). v A-reaches R = v A-
reaches R U {v}.

Proof. Let S be a set of < k) labels. Recall that {v} is a length 0 < d,
switching path from v to v avoiding S (using the fact that the first vertex
of a path is allowed to be in S in the definition of “avoids”.) Also, since v
A-reaches R, there are length < d, switching paths avoiding S to all except
at most A vertices of R. These paths, together with {v}, give the required
paths to show that v A-reaches R U {v}. O

Consider a set R, as in the definition of A-component i.e. R, is A\-reached
by v and R, is (A — 3)-bypassed by v. By Observation 4.8 R, U {v} is
A-reached by v, and by the monotonicity of bypassing R, U {v} is (A — 3)-
bypassed by v. This shows that without affecting anything we could have
added the condition “v € R,” to the definition of A\-component.

The next two lemmas show that reaching and bypassing are preserved by
unions, as long as we weaken the parameter A\ slightly.

Lemma 4.9 (Reaching unions). For m < 'y/\_l, suppose that a vertex v A-
reaches sets Ry, ..., Ry, C V(D). Then v (A + 3)-reaches | J;* | R;.

Proof. Let S be a set of ki3 labels. Since ky,3 < k) and v A-reaches R;,
there are length < d, switching paths avoiding S to all, except possibly Ay,
vertices x € R; for each i. Therefore there are length < d, < d),3 switching
paths avoiding S to all, except possibly mAy < 77 Ay = twr(A+2)twr()\) <
twr(A + 3) = Ay43 vertices in |-, R;. O

A similar lemma holds for bypassing.

Lemma 4.10 (Bypassing unions). For m < ’y;_ll, suppose that a vertex v
A-bypasses sets By, ..., By, C V(D). Then v (A —1)-bypasses ;" Bi.

Proof. Suppose that v (A — 1)-reaches a set R C J;*, B;. Without loss of
generality we can suppose that By, ..., B, are ordered so that |[R N By| >
|R N By| for j > 1. Since R = J;-, RN B; we have |[RN By| > |R|/m. From
the monotonicity of reaching, v A-reaches R N B;. Since v A-bypasses By,
this implies |R N By| < 7.|D|. This gives |R| < m|R N By| < my,|D| <
Y D] = twr(A + Dtwr(A + 2)7L D] < twr(A + 1)~ D] = yy_41|D|. Since
R was arbitrary, we have proved that v (A — 1)-bypasses ", B;. O
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Recall that “two vertices u and v being connected by a path” is a tran-
sitive relation on vertices in an graph. This transitivity is used to show
that connected components in a graph are equivalence classes. The following
lemma shows that “reaching” also has a kind of transitive property. The
lemma plays a similar role in showing that A\-components exist.

Lemma 4.11 (Transitivity of reaching). For a labelled digraph D and 1 <
A < Anax, suppose that we have a vertexr v € V(D), and R such that v -
reaches R. Suppose that we have distinct vertices xo,...,xa, € R and a set
W such that x; A\-reaches W for each i. Then v (A + 1)-reaches W.

Proof. Let S be a set of k), labels. Since v A-reaches R and £y, < k), there
is some ¢ € 0, ..., A, such that there is a length < d switching path P from
v to z; avoiding S. Since z; A-reaches W and |S| + |P| < kyy1 + 3dy < ky,
there is a length < d, switching path P, avoiding S and P from x; to all,
except Ay vertices of w € W.

Using Lemma 4.2, the paths P + P, are length < 2d) < dy; switching
paths avoiding S to all except at most Ay < Ay, vertices w € W. This
proves the lemma. ]

A consequence of Observation 4.7 (iii) is that components cannot be much
smaller than the neighborhoods of vertices they contain.

Lemma 4.12 (Components are larger than neighbourhoods). Let D be a
out-properly labelled, directed graph on n wvertices with Xo the set of non-
vertex labels in D, and 6 < A\ < A\pax. For any A-component C' and v € C'
we have |C| > N5 (v)| — 6n — ya_3n.

Proof. By the definition of C' being a A-component, there is a set R, with
IR, \ C| < én such that v (A — 3)-bypasses R,. By Observation 4.7 (iii)
and the monotonicity of reaching, v (A — 3)-reaches Ny (v). This gives
INY (v) N R,| < yx—sn which implies the lemma:
C] = [N, (v)] = [N, (v) N C]
> [N ()] — NG, (0) 1T " Tl — [0\ Tl 2 [N, ()] — 6 — 2 sm.

]
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4.2. Constructing A-components

The goal of this section is to show that A-components exist for suitable
A. The first step towards this is to show that for any vertex v and number
A, there is a set R, C V(D) possessing the two properties R, has in the
definition of A-component.

Lemma 4.13. For all vertices v in a labelled digraph D and 1 < A < Anax,
there is a set R C V(D) such that v (A + 3)-reaches R and v A-bypasses R.

Proof. We define sets of vertices Ry, Ry, Rs, ..., R,, recursively as follows.
[ ] Let RO = @

e For each ¢ > 1, if possible, choose R; to be any set disjoint from Ry U
-++U R;_1 which is A-reached by v, and also |R;| > ~,|D)|.

e Otherwise, if no such R; exists, we stop with m =i — 1.

Notice that the sets Ry, ..., R,, are all disjoint and satisfy |R;| > v,|D| which
implies that m < fy;l. Set R=R,U---UR,,.

By definition of m, v A\-bypasses R—indeed otherwise we could choose a
set Ry, 1 of size v,|D| disjoint from R which is A-reached by v, contradicting
the fact that we stopped at m. By Lemma 4.9 v (A + 3)-reaches R. This
completes the proof. O

Notice that in the above lemma would be stronger if it produced a set
R with R A\-reached by v and R N-bypassed by v for X' > X (rather than
N < X as Lemma 4.13 gives us.) The next lemma tries to prove something
like this—it produces two sets R and B which are “nearly complementary”
such that v A\-reaches R and X-bypasses B for X' > \.

Lemma 4.14. Let D be a labelled digraph on n vertices, \g € N with 43671 <
Ao < Amax, and v € V(D). There are two sets of vertices R and B satisfying
the following.

(i) [V(D)\ (RU B)| < 0n/3.
(ii) There is a X\ with \g — 42071 < X\ < )\ such that
e v (A —4)-reaches R.

e v \-bypasses B.
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Proof. Define A, ..., X\gs-1, R1,..., Rgs—1 as follows.
e For each i, set \; = \;_1 — 7.

e Let R; be a set which is (\; + 3)-reached by v and with R; A\-bypassed
by v. Such a set exists by Lemma 4.13.

We show that there is some index m satisfying a property like part (i) of the
lemma.

Claim 4.15. There is some m € {1,...,66°'} for which |V (D) \ (R,, U
Rm_1)| S (571/3

Proof. Suppose for the sake of contradiction that |V (D)\ (R;UR;_1)| > én/3
foralli =1,...,607!. Notice that we have |R;NR;_1| < 7y, ,n (since v \;_;-
bypasses R;_1, v (A +3)-reaches R;N R;_1, and \; +3 < \;_1.) We also have
|Ri_1\ Ri| = [V(D)\ (RiUR;_1)| > én/3 for i < 66~'. Combining these, we
get the following

= |Ri—1| — |Ri_1 \ Rl| + |Rz N Ri—1| < |Ri—1| - (6/3 - ’7>\i71)n‘
Notice that for all i < 65! we have \; > 1, and so vy, < AL, < 6/12 which

implies |R;| < |R;—1| — on/4. Iterating this gives 0 < |R;| < |Ry| — (i —
1)én/4 <n — (i — 1)dn/4. This is a contradiction for i = 65! O

Set R = R,,, B= R;,—1 and A = \;,_;. Then v (A —4)-reaches R; and \-
bypasses B by the constructions of R; and R;_;. We have |V(D)\ (RUB)| <
dn/3 by choice of m. Finally we have \g > A > X\g —7m > \g — 42571, O

As a prelude to constructing components we give a condition under which
a singleton {v} is a A-component.

Lemma 4.16. Let D be a labelled digraph on n > Ny vertices and 4 <
A < Apax- Suppose that v A-bypasses B with |B| < én/2. Then {v} is a
A-component.

Proof. To prove the lemma we need to choose a set R, and show that it
satisfies all the properties of the set R, in the definition of A-component.
Apply Lemma 4.13 to get a set R, which is A-reached by v and with R,
(A — 3)-bypassed by v. Notice that since v A-bypasses B, we must have
|R, N B| < yn. This gives |[R, A {v}| < |R,| +1 < |R,NB|+|B|+1<
mwn+omn/2+1 < in. O
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The following lemma is a purely technical tool which we will need. A
r-uniform multihypergraph H with n vertices and m edges is a family of m
size 1 subsets of [n] with the possibility of H containing several copies of the
same subset.

Lemma 4.17. Let ‘H be a yn-uniform multihypergraph with n vertices and
m edges. Then, for any t with /2 > 2t/m, there are t edges Ty,...,T, € H
with [Ty M-+ NTy| > (%)tn

Proof. Let T be a set of t distinct edges of H chosen uniformly at random

from all such sets. To prove the lemma it is sufficient to show that the

expected size of the intersection of the edges in T is at least (%)tn For any

vertex v € V(H), let d(v) be the number of edges of H containing v. Let
Var = {v € V(H) : d(v) > t}. By linearity of expectation we have the
following.

)- 5 e(vene)- s o(eene)

EcT veEV(H) EcT vEV>y EcT
S () 3 () = t
(%) ~ m
vEVS, t UGVZt

The inequality comes from “({) /(") > ((d —t)/m)" for d > t.” Using con-

vexity of f(z) = z' we can prove the lemma.

E( )z 3 (W)g 3 (d%;t) tn

UGVzt ’UGVzt
The third inequality uses Zvev(g) d(v) = ynm and ZUGV(G)\V>t d(v) < tn.

N E

EeT

_ t ¢
> (vm_%) n> (1) .
m 2

The last inequality comes from /2 > 2t/m. O

The following lemma is the main result of this section. It implies that
for a given \g, there is a A-component C for some A which is close to .
In addition the lemma gives some control over where the component C' is
located—given any set By which is A\p-bypassed, we can choose C' to be
outside By.
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Lemma 4.18. Let D be a labelled digraph on n > Ny vertices and 87672 <
Ao < Amax- Suppose we have vg € V(D) and By C V(D) such that vy € By
and vy Ao-bypasses By. Then there is a nonempty C C By such that C is a
\-component with A\g — 87672 < X < \.

Proof. We start with the following claim.

Claim 4.19. There is a verter v' € By, X' € [\g — 86572, \g], and a set
B’ O By with the following properties.

o v N-bypasses B'.

o For every u € B', if there is a set B, D B’ such that u (N — 43671)-
bypasses B, then |B,| < |B'| + on/2.

Proof. Using By, vy, and g from the lemma, we define By, ..., B, vy, ...,
Um, and A1, ..., A\, as follows.

e For each i, set \j 1 = \; — 43071

e For each i, if possible, choose a vertex v;1; € B; and a set Bix1 D B;
such that v; 1 A;r1-bypasses B;y1 and |Biy1| > |Bi| + dn/2.

e Otherwise, if no such pair of v;; 1 and B;,; exists, then stop with m = 1.

Notice that since |B;1] > |B;| + dn/2 for i < m, we stop with m < 2§71
Let N = \,, v/ = v, and B" = B,,. Since m < 257!, we have N =
Ao — 4307 'm > N\g — 86672, We have B' = B,, 2 B,,_1 2 --- O By and
V' € B,,_1 C By as required. The vertex v/ X-bypasses B’ by choice of v,
and B,,. The fact that “for every u € B’, if there is a set B, D B’ such that
u (N —430~1)-bypasses By, then |B,| < |B|+dn/2” is equivalent to the fact
that we stopped at m. O

Apply Lemma 4.14 to v" and X in order to obtain sets R and B and
A" € [N — 424, ] such that |[V(D)\ (RUB)| < én/3, v' (\" — 4)-reaches R,
and v' \’-bypasses B. By Lemma 4.10 and the monotonicity of bypassing,
v (N — 1)-bypasses BU B'.

We make the following definition

S={z e R:x (N —2)reaches some T'C BU B’ with |T| > ~vy_3n}.

From the definition of S and the monotonicity of reaching, we have that
for every v € R\ S the vertex v (" — 3)-bypasses BU B’. Using Lemma 4.17
and the “transitivity of reaching” we show that S is small.
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Claim 4.20. |S| < 4Ay5) .

Proof. Suppose for the sake of contradiction that |S| > 4A2,7;,. For each
s € S, choose some set Ty, C B U B’ with |Ts| = 7ar_3n which is (N —
2)-reached by s. Let H = {7, : s € S}. Notice that H is an (yy\r_3n)-
uniform multihypergraph with |S| edges. Notice that |S| > 4A»7y, implies
Yar—3/2 > 2(Ayi—o+1)/|S|. Therefore we can apply Lemma 4.17 to H with
t = Ayr_o+1and vy = vy_3in order to find Ays_o+1 sets T, . .. ,TAA,_Q eH
with

. " A/\//_2+1
ﬂ 1—;{ Z (7)\2 3) n > Yanrr—1M.

The second inequality comes from the fact that vy, , = twr(\ + 1) >
(2twr( N — 1)) A =2+ = (2 /7y _g)A -2t By Lemma 4.11 applied with

A=XN =2 v=v, R=R, W = ﬂf:};/” T!, and z; the vertex of S which
(AN’ —2)-reaches T/, we get that v/ (\"—1)-reaches ﬂf:*é/"" T!. This contradicts

v (N — 1)-bypassing BU B’. O]

Let C' = R\(SUB'UB) and A = \"—2. Since C' C B’ and B’ 2 By we have
C C By. From the definitions of X and \” we have that \y —87572 < X\ < ).

Claim 4.21. C' is a A-component.

Proof. For each v € C' apply Lemma 4.13 to get a set R, which is A-reached
by v and with R, (A — 3)-bypassed by v. To prove the claim, it is enough
to show that |R, A C| < én. We'll do this by showing |R, \ C| < dn/2 and
C\ R, < on/2.

First we show that |R, \ C| < dn/2. Notice that C = RNSNB' N B =
(RUB)N SN B NB. Notice that since v € R\ S and A = X' — 2 we
have |R, N (B U B')| < vyv_sn. Combining these with |S| < 4A,sv;) and
V(D) \ (RUB)| <én/3 we get

|R,\C| = [R,\ (RUB)NSN B NB)|
=|R,N((RUB)USUB UB)|
<|R,N(RUB)|+|R,NS|+|R,N(BUB|
< |V(D)\ (RUB)|+[S]+ |k, N (BU B
<on/3 +4A,\ufy/\’,,1 + yar_3n < on/2.
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The last inequality comes from n > Ny and A < Apax.

Next we show that |C'\ R,| < 0n/2. Using v € R\ S and the monotonicity
of bypassing we get that v (A — 3)-bypasses B’. By Lemma 4.10, v (A — 4)-
bypasses R, UB’. Now using the monotonicity of bypassing we have a vertex
v € B’ and a set R,UB’ O B’ such that v (N —435~!)-bypasses R,UB’. From
Claim 4.19 we have |R, U B'| < |B’| + dn/2 which implies |R, \ B'| < én/2.
This gives us

[C\ Ry| = |COR)| <R\ B|+|CNB|=R,\B| < dn/2.
O

We have now proved that C' satisfies all the requirements of the lemma
aside from “C' is nonempty”. Thus, for the remainder of the proof we can
assume that C' is empty, or equivalently R C S U B’ U B. We'll show that
{v'} is a A\-component satisfying the conditions of the lemma. Notice that
{v'} C By holds as a consequence of the definition of v in Claim 4.19.

By |S| < 4Ayyy < yasin and Observation 4.7 (i), v (A + 1)-bypasses
S. By Lemma 4.10, v" A\-bypasses SUB'UB. From R C SUB’'UB we obtain
[V(D)\(SUB'UB)| = |V(D)\(RUSUB'UB)| < |V(D)\ (RUB)| < dn/3.
By Lemma 4.16 applied with v = v/, A = \, and B = SUB'UB, we have that
C" = {v'} is a A-component which satisfies the conditions of the lemma. [

We can iteratively apply Lemma 4.18 to find a sequence of A-components
for decreasing A. We’ll use this sequence in the proof of Theorem 4.1.

Lemma 4.22. Fiz m = 46! and let D be a labelled digraph on n > N
vertices. For any v € V(D) we can choose Cy,...,Cp and Ay, ..., Ay, such
that for each i, C; is a A\i-component with |C; \ Ci11| < dn and 1 < N\jq —
88(5_2 S /\z S )\7;+1 -9 S )\max fOTi: 1,...,TTL.

In addition there is a length < dy,. /2 switching path which starts at v
and passes through all of Cy,...,Cy,.

Proof. We will choose vertices v, ..., U1, paths P, ..., P,y1, sets Ry, ...,
R, 1, numbers A\, ..., \p,11, and components Cf,...,C,,. They will have
the following properties.

(1) For ¢ S m, 1 S /\i—l-l - 885_2 S )\2 S >\i+1 -9 S )\max/4-

(i) For i <m + 1, v; Ai-reaches R; and v; (\; — 3)-bypasses R;.
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(iii) For i < m + 1, P; is a switching path from v to v; passing through
Vig1s -5 Up. Also |B| <dy,,, + ., + -+ dy,.

(iv) For i < m, C; is a A\;-component with C; C R;yq, v; € C;, and |C; A

Once we have constructed these sequences, then it is easy to see that the
components C1, ..., C,,, the numbers Ay ..., \,,, and the path P, satisfy the
conditions of the lemma. Indeed C; is a A\;-component with |C; \ Ciyq] <
|Ri1 \ Cit1] < |Riv1 A Ciyq] < 6n by (iv). By (i), (iii), and (iv) the path
Py is a length < mdy,, < md,.../4) < Ay 2 switching path starting from
v which passes through the vertex v; € C; fori =1,...,m.

We will construct v;, P;, R;, \;, and C; in reverse order starting with ¢ =
m+1 and ending with i = 1. Let v,,11 = v, Ppy1 = {v}, and A\py1 = Amax/4-
Use Lemma 4.13 to find a set R,, 41 such that v, 1 (Ap11)-reaches R,, 1 and
(Am41—3)-bypasses R,,;1. By construction, conditions (i) — (iii) are satisfied
for vii1, Prat1, Rime1, and Ayyqq. Condition (iv) doesn’t need to be checked
since we do not have a component C, 1.

For each © < m + 1, suppose that we have constructed v;, P;, R;, and \;.
We build Vi—1, -Pi—la Ri—b /\i—la and Ci—l as follows.

By the monotonicity of bypassing and Observation 4.8, v; A\;-reaches R; U
{vi} and (A\; — 3)-bypasses R; U {v;}. Since v; Ai-reaches R; U{v;} and |F;| <
3idy,,,, < ky,, there is a subset R} C R; U {v;} of order at least |R;| — Ay,
such that there are length < d,, switching paths from v; to all r € R]
avoiding P;. Without loss of generality we can assume v; € R} (since there
is a length 0 switching path from v; to v; avoiding any set of labels.) By
Ay, < 75,31, Observation 4.7 (ii), and Lemma 4.10, v; (A\; —4)-bypasses ﬁ;
Apply Lemma 4.18 with vg = v;, A\g = \; — 9, and By = E; in order to find a
nonempty A-component C;_; contained in R, for some \; —9 — 8762 < A\ <
Ai—9. Let \;_; = A. Let v;_; be any vertex in C;_;. Since v;_; € C;_; C R},
there is a length < d), switching path @) from v; to v;_; which avoids F;. Let
P,_1 = P+ Q. Let R;_; be the set from the definition of “\;_;-component”
such that |R;—1 A C| < on, v;_1 \i_j-reaches R; 1, and (\;—; — 3)-bypasses
R;_:.

We claim that v;_1, P;_1, R;i_1, \i_1, and C;_; satisfy properties (i) — (iv).
For property (i) we have \; —88072 < \; —9—8752 < \;_1 < \;—9 and also
N1 > Ag1— (m—i+1)88572 > A\pax—252073 > 1. Property (ii) holds since
we chose R;_; so that v;_; A\;_j-reaches R;_; and (\;_; —3)-bypasses R;_;. To
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see that property (iii) holds, notice that it held for P;, and that @ is a length
< dy,_, switching path avoiding P; from v; to v;—;. Using Lemma 4.2 we
have that P,_; = P+ @ is a length e(P;) +e(Q) < dx,_, +- - -+d,,, switching
path from v to v;_;. For property (iv), C;_; being a \;_j-component with
C;—1 € R; comes from our application of Lemma 4.18, v;,_; € C;_; comes
from our choice of v;_1, and |C;_1 A R;_1| < én comes from the choice of

Ri—l- ]

4.3. Growth of A-components

Notice that so far in Section 4, “amidstness” has only come up in the
statement of Theorem 4.1. In this section we build a link between amidstness
and A\-components. First we will need a more precise notion of amidstness
which incorporates the parameter \.

Definition 4.23. Let u and v be two vertices in an edge-labelled, directed
graph D, ¢ a label, and S a set of labels. We say that c is (X, S)-amidst u
andv ifc € S and there is a length < 2dy switching path P = (u,p1,. .., P4, V)
avoiding S from u to v such that the following hold.

(i) There are no edges of P labelled by c.
(i1) If ¢ is a vertex of D then c is in {p1,...,pd,v}.

The following is an extension of Lemma 4.2. It shows that when we
concatenate two switching paths, then the vertex at which we concatenate
automatically becomes amidst the endpoints of the concatenated path.

Lemma 4.24. In a labelled digraph D, let S be a set of vertices, P a length
> 1 and < dy switching path from u to x which avoids S, and Q) a length
< dy switching path from x to v which avoids S and P. Then P+(Q) witnesses
x being (A, S)-amidst u and v.

Proof. Using Lemma 4.2 we have that P+ () is a length < 2d, switching path
avoiding S from u to v which passes through . We have x & S since P avoids
S, P ends with z, and |P| > 2. Part (ii) of the definition of (A, S)-amidst
holds since x € P 4+ ) and x is not the starting vertex of P. It remains to
show that part (i) of the definition of (A, S)-amidst holds. Note that P has
no edges labelled by x since P is a switching path ending with x, and () has
no edges labelled by x since () avoids P 3 z. These imply that P + @ has
no edges labelled by x. O
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Recall that the idea behind “amidstness” was to identify labels which can
be used to extend switching paths. The next lemma makes this precise.

Lemma 4.25. Let x be a label in a labelled digraph D which is (X, S)-amidst
v and y. Suppose that we have a vertex z with z ¢ S and the edge yz present
and labelled by x. Then there is a length < 2d, + 1 switching path P from v
to z avoiding S.

Proof. Since x is (A, S)-amidst u and v, there is a length < 2d, switching
path @ from v to y avoiding S and having no edges labelled by x. In addition
if z is a vertex then z € V(Q) \ {v}. If 2z € @, then we are done by choosing
P to be the subpath of ) ending with z. Otherwise we take P = @) + 2
to get a path from v to z. To see that this is a switching path first notice
that the label of the last edge yz is x which is not present on the edges of
P. In addition if z is a vertex then x € V(Q) \ {v} = V(P) \ {v,2}. Thus
P is a switching path. Notice that z ¢ S since z is (A, S)-amidst v and y.
Combining this with z ¢ S and the fact that @ avoided S shows that P
avoids S. Thus P is a length < 2d, + 1 switching path from v to z avoiding
S as required. O

Recall that for a label  and a vertex v, N{J;} (v) denotes the set of vertices
y with vy an edge labelled by . In a out-properly labelled digraph we always
have |[N{,(v)| € {0,1}. For a labelled digraph D, let

L*(D) = {(z,y) : v is alabel and y € V(D) with N\, (y) # 0}.

Equivalently we have that L™ (D) is the set of pairs (x,y) with  a label and
y € V(D) such that there is an edge in D starting at y labelled by z.

The following lemma gives a connection between the notions of amidstness
and A-components. It shows that for a A-component C, most triples of the
form (v, z,y) C C x (XoUC) x C have x amidst v and y.

Lemma 4.26. Let D be an out-properly labelled digraph with |D| = n > Ny,
A€ N with 3 < X\ < Apax, Xo the set of non-vertex labels of D, and C a \-
component. Fix a vertex v € C. To every set of labels S with |S| < ky — 3d,
we can assign sets Cs C C and Zs C (Xo U Cs) x Cg with the following
properties.

(i) For every (x,y) € Zs, the label x is (X, S)-amidst v and y.
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(i1) |Cs| > |C| — 20n and | Zg| > [(Xo U Cs) x Cs| — 4dn|Cs].
(111) For two sets S and T we have |LT(D) N (Zs \ Zr)| < 6A\n.

Proof. Since C'is a A-component, for every u € C' there is a set R* C C with
|R"| > |C| — én so that u A\-reaches R". For a set of labels S, let RY be the
set of y € R" for which there is a length < d) switching path from v to y
avoiding S. For each u, S and y € RY, fix such a switching path Pg¥. Since
u A-reaches R", we have

|R"\ R¢| < Ay for all S with |S] < k. (3)

For a pair of sets S and 1" with |S|, |T'| < ky, we trivially have |R% \ RY| <
|R*\ RY| which implies |R% \ RY| < Ay. We now define the sets C's and Zg.

Cs = Rg \ {v},
Zg ={(z,y) € Xo x Cs : Pg’y avoids x and x ¢ S},
Zs ={(z,y) € Cs x Cs : y € R pua},

Zs=79UZ%.

Notice that we have Zg C (XoU Cg) x Cs. For S with |S| < ky — 3d,, (3)
implies that |Cs| > |R"| — Ay — 1 > |C| — 2dn as required by part (ii) of the
lemma. The next two claims prove “|Zg| > |(Xo U Cg) x Cs| — 40n|Cs|”,
completing the proof of part (ii).

Claim 4.27. For any S with |S| < kx—3dy we have |(XoxCs)\Z3| < ky|Cs].

Proof. We have (Xo x Cs) \ Z% C (S x Cs) UU, e, (ﬁ x {y}). Using
|S| < ky — 3dy and |PgY| < 3d,, this implies |(X, x Cg) \ Z2] < |S]|Cs| +
> yecs P57 < kil Csl. O

Claim 4.28. For any S with |S| < ky — 3dy we have |(Cs x Cs) \ Z3| <
25n]CS|

Proof. Notice that we have

178 = 3 IReupee N Csl = 30 (ICs| = 1Cs \ Reoppel): (4)

zeCg zeCyg
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We will bound the second term by the following

Cs\ R o] < 1O\ REppal < 1C\ B+ [RT\ Rppa] < Sn+ Ay < 20,

The second last inequality comes from |[C'\ R*| < dn, |S U Pg*| < ky,
and (3). Plugging the above into (4) we get |Z§| > > ¢ (|Cs| — 20n) =
|Cs|> — 20n|Cs| as required. O

From Claims 4.27 and 4.28, n > Ny, and A < Apax we get |Zg| > |[(Xo U
Cs) x Cg| — kx|Cs| —26n|Cs| > |(XoUCs) x Cg| — 40n|Cs|, completing the
proof of part (ii) of the lemma.

Next we prove part (i) of the lemma.

Claim 4.29. Let S be a set of < ky — 3dy labels and (z,y) € Zs. Then the
label x is (X, S)-amidst v and y.

Proof. Suppose x € Xy, or equivalently (z,y) € Z%. By definition of Z9,
we have # € S. The path Pg? is a length < d, switching path from v to y
avoiding S. Since (z,y) € Z3, Pg? also avoids x, and so witnesses x being
(A, S)-amidst v and y.

Suppose z € Cg, or equivalently (z,y) € Z%. Since x € Cs C RY, recall
that we have a length < d, switching path P¢™ from v to z avoiding S.
Since v € Cg, we have x # v, which implies that Pg™ has length > 1. Since

y € RY pve, we have a length < dy switching path PgY... from z to y
S _S5

avoiding S and P¢™. By Lemma 4.24 we have that Q = Pg™ + ;Qypg,x is a

switching path witnessing  being (), S) amidst v and y. ]

The following two claims prove part (iii) of the lemma.

Claim 4.30. For S and T with |S|,|T| < kx — 3dy we have |[LT(D) N (Z2\
Z2)| < 2Axn.
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Proof. We proceed as follows.

[(LY(D) N (Zg\ Zp)| < |[LH(D) N (Xo x Cs \ Z3)]
< |LT(D)N(Xy x Cs \ Xy x Cr)|
+ LT (D) N (Xo x Cp \ Z2)|
< |LT(D)N(Xy x Cs \ Xo x C7)| + k| Cs|
= |LT(D) N (Xo x (Cs \ Cr))| + k| Cs|
S n|C’S\CT\ +k)\|05‘
< Ayn + ky|Cs|
< 2A\n.

The first inequality comes from Z3 C Xy x Cs. The second inequality is an
instance of U\ W C (U \ V) U (V' \ W). The third inequality comes from
Claim 4.27. The equality is an instance of U x V\U xW = U x (V\W). The
fourth inequality comes from [L*(D)N((V(D)UXo) xU)| = > ,cp INT(u)] <
n|U| which holds for any set of vertices U. The fifth inequality comes from
|R%\ RY| < Ay. The sixth inequality holds since ky < A, for all A > 3. O

Claim 4.31. For S and T with |S|,|T| < kx — 3dy we have |ZL\ ZL| <
4AL[Cs].

Proof. Using the definitions of Zg and C's we have the following.
125\ Z7] = |((Cs \ Cr) x Cs) N (Zs \ Z7)| +[((Cs N Cr) x Cs) N (Z5 \ Z7)]
= ) [Csn R pee| + > (Csn Rsupye) \ (Cr OV Ry ppe )|

J:ECS\CT zeCgNCr

< ) (Gl YD ICs\Crl+ Y [Rsupye \ Brupys|
z€Cs\Cr zeCsNCr z€CsNCr

< 4A/\‘Csl

The first equality comes from Z%\ Z1 C Cg x Cs. The second equality comes
from Zy = U,cc {2} X (CsNRE poo) and Z1 = U,eo, {2} X (CrN RS ).

SuPg™ TUPY"
The first inequality comes from (UNW)\(U'NW') C (U\U")U(W\W’). The
second inequality comes from (3), |SU Pe™| < ky, and |[TU P2°| < k). O

Claims 4.30 and 4.31 imply (iii), concluding the proof of the lemma. [
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We now prove the main result of this section. The following lemma shows
that if we have a digraph D which doesn’t satisfy Theorem 4.1, then A-
components in D have a special property—every vertex in a A-component C
(A + 1)-reaches a set R which is much larger than C. This lemma will later
be combined with Lemma 4.22 in order to show that all digraphs satisfy
Theorem 4.1.

Lemma 4.32. Let D be a out-properly labelled, digraph on n > Ny vertices,
Xo the set of labels of D which are not vertices, and 3 < X\ < Ajax. Let C' be
a A-component in D, u € V(D), and P a length < d,,, . switching path from
u to some v € C'. Then one of the following holds.

max

(i) There is a vertexy € C, and a set of labels A amidst u and y such that
NG ()] < |4] = | Xo| + en.

(i) v (A + 1)-reaches a set R with |R| > |C| + (e — 7d)n.

Proof. Suppose that (i) doesn’t hold.

Claim 4.33. Let y € C and A be a set of labels which are (A, P)-amidst v
and y. Then [N (y)| > |A| — | Xo| + en.

Proof. 1t is sufficient to show that every label in A is amidst u and y. Then
the claim follows since we are assuming that (i) doesn’t hold.

Fix a € A. Using the definition of a being (A, P)-amidst v and y, there is
a switching path @) from v to y avoiding P and having no edges labelled by
a. In addition if a is a vertex of D, then a € @\ {v}. We also have a ¢ P
since a is (A, P)-amidst v and y. Since @) avoids P, Lemma 4.2 implies that
P + @ is a switching path from w to y. Since neither P nor () had edges
labelled by a, P + @ also has no edges labelled by a. In addition, if a is a
vertex, then P + ) passes through a and a # wu (since a ¢ P.) Therefore
P + @ witnesses a being amidst u and y as required. O]

Notice that every z € X, \ P is (A, P)-amidst v and v (witnessed by
the single-vertex path v.) By Claim 4.33 applied with A = X, \ P we have
|Nxpp ()| > en — |P|. By Lemma 4.12, n > Ny, and P < 3d,,,, We have

|C| > [Ng, ()| = 6n —ya_sn > en — |P| = dn — yn_sn > en/2.  (5)
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Apply Lemma 4.26 to C' and v to assign sets Cs C C and Zg C (X U
Cs) x Cg satisfying all the conclusions of Lemma 4.26 to every set of labels
S with |S| < k) —3dy. For z € V(D) and S a set of labels, let

Es(z) = {(z,y) € L (D) N Zs with yz present and labelled by z}.

Since the labelling on D is out-proper, we have that Fg(z)NEg(z") = () for any
S and z # 2. Also notice that for sets S and S’ we have F5(2)NL*(D)NZs C
Eg¢(z). We now define the set R

R={zeV(D):|Ep(z)| = 6|Crl}.

First we show that v (A + 1)-reaches R.
Claim 4.34. v (A + 1)-reaches R.

Proof. Let S be a set of at most k1 labels. Notice that |[S U P| < kyy1 +
Sd)\max < ky—3d,. Let Rg = {Z eR: Egug(z) 7é @}

We claim that for every z € Rg\(SUP), there is a length < d, 1 switching
path P, , from v to z avoiding S. Notice that for every z € Rg \ (S U P),
we have FEgup(z) # 0, and so by the definition of Eg,p(z), there is a pair
(z,y) € LY(D) N Zsyp with yz present and labelled by z. Since (x,y) €
Zsup, by part (i) of Lemma 4.26 we have x (A, S U P)-amidst v and y. By
Lemma 4.25 applied with S = S U P, there is a switching path from v to z
avoiding S'U P of length < 2dy +1 < dyy;.

To prove the claim it is sufficient to show that |R\ (Rs\ (SUP))| < Axi1.
We will do this by showing |R\ Rs| + |S U P| < Axy1. We have

0|Cpl[R\ Rs| < > |Ep(2)]

ZER\RS

U Ee2)

z€R\Rs
[(LT(D) N Zp) \ (L(D) N Zsup)|
6A)\77,.

<
<

The first inequality comes from the definition of R. The equality comes from
Ep(z) N Ep(2') = 0 for z # 2. For the second inequality first recall that
Ep C LT(D) N Zp. Then notice that for z € R\ Rs we have Eg p(z) = 0
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and hence Ep(z) N LT (D) N Zsup C Esup(z) = 0. This shows Ep(z) C
(LY(D) N Zp) \ (LT(D) N Zsup) for z € R\ Rg which implies the second
inequality. The third inequality comes from part (iii) of Lemma 4.26 and
|ISUP| < ky— 3d,.

Rearranging and using |S U P| < k) we obtain |R\ Rs| + |[S U P| <
6A\n/0|Cp| + ky. From (5) and Lemma 4.26 (ii) we have |Cp| > |C| —dn >
en/3. Combining these gives |R\ Rg| + |S U P| < 18A,/de + ky < Ay4q as
required. O]

The following claim lets us lower bound |L*(D) N Zp| in terms of | Zp|.
Proof. For every y € Cp, define

Ap(y) ={r € XoUCp: (zv,y) € Zp},
Ab(y) = {z € XoUCp: (2,y) € L*(D) N Zp}.

From the definition of L*(D) we have AL(y) = {x € Ap(y) : | {x}( y)| =
1}. Notice that we have Zp = | Ap(y) x {y} and LT(D)N Zp =

yeCp L2
Uyecr AB(y) x {y}. The following string of equalities holds.

ILTD)N Zel = Y 1AW= Y NG, @] = D [N, @) ()

yeCp yeCp yeCp

The first equality comes from L*(D) NnNZp = U veCp AB(y) x {y}. The
second equality holds since ‘ N(, (y)| = 1 for # € Ak(y) which implies
‘ | |AB(y)]. The thlrd equality holds because ! Ap(y) y)‘ =

NX ()| + |NT Ap\AL () (y)| and also | N} ALy (y)| = 0 which comes from

“AE( ) ={z € Ap(y) : IN, ()] = 1}".
By Lemma 4.26 (i), for every z € Ap(y) we have = (A, P)-amidst v and

y. We can use Claim 4.33 to bound »_ . ‘NXP(y) (y))

> [Nhw®)| 2 D (14p)| - X0l +en) = | 26|~ | Xol|Cp| +enlCel (7)

yeCp yeCp

The first inequality comes from Claim 4.33. The equality comes from Zp =
Uyec, Ar(y) x {y}. The claim follows from (6) and (7). O
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Now we show that R is large.
Claim 4.36. |R| > |C| + (e — 7d)n.
Proof. Since D doesn’t have repeated edges, for any z € V(D) and y € Cp,
there can be at most one label x for which (z,y) € Ep(z). In particular this

implies that for all z € V(D) we have |Ep(z)| < |Cp|. For z ¢ R we have
|Ep(z)] < 6|Cp|. These imply

(n = [R)3ICe| + RIICel = Y |Ep(z)| = [LY(D)N Zp|.  (8)
zeV(D)

To see the equality, notice that by the definition of Ep(z) both sides equal
U.cv(p) Ep(2)|. Combining Claim 4.35 with part (ii) of Lemma 4.26 we get
[LT(D) N Zp| > |Zp| — |Xo||Cp| + en|Cp| > |Cpl|* + en|Cp| — 40n|Cp]. (9)

Combining (8) and (9) and rearranging implies the claim.

|Cp|* + en|Cp| — 50n|Chp|

R| >
= = = sen)

> |Cp| +en —50n. > |C| + en — Ton.

The last inequality is from Lemma 4.26 (ii).

Claims 4.34 and 4.36 prove the lemma. n

4.4. Proofs of Theorems 1.8 and /4.1

In this section we prove the theorems of this paper.

Proof of Theorem 4.1. Suppose that there is a vertex u for which the theorem
doesn’t hold i.e. that for every vertex v and set of labels A amidst u and
v we have |[Nj(v)| > |A| — |Xo| + en. Apply Lemma 4.22 to u in order
to obtain numbers Ai,..., A\;5-1, components C1,...,Cys-1, and a path P
passing through all of them. For each 4, let v; be a vertex in P N C.

Using Lemma 4.12 we can show that all the components C; are large.

Claim 4.37. |C;| > en/2 fori=1,...,467".
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Proof. Fix i < 4571, Let P’ be the subpath of P ending with v; and A =
Xo \ P’. Notice that P’ witnesses every label in A being amidst u and v;.
Since we are assuming that the theorem doesn’t hold we obtain [N (v;)| >
|A| = | Xo| + en > en — |P/| > en — 3d,,,... (using the fact that P has length
< dypaey2 in Lemma 4.22.) Since Ny (v;) € N¥ (v;), n > No, and A < Apax,
Lemma 4.12 implies |C;| > | N (v;)|—0n—vy,_3n > en—3dy,,..—0n—"yx,_3n >
en/2. [l

Using Lemma 4.32, we can show that each C; is much bigger than the
previous one.

Claim 4.38. |Ci 1| > |C| +en/2 fori=1,...,467!

Proof. Recall that from Lemma 4.22 we have |C; \ Ci11| < on for all .
Combining this with Claim 4.37 we get |Oz N Ci+1| = |C’z| - |Oz \ Oi+1| Z
en/2—on > en/3. For each i, let R,, be a set from the definition \;-component
which is A\;-reached by v;. Using |C; A R,,| < dn and |C; N Cipq| > en/3 we
get |Ry,, N C; N Ciq] > |CiNCia] — |Ci \ Ry,| > en/3 —dn > A, + 1.
From the monotonicity of reaching we have that v; \;-reaches R,, NC;NCjyq.
Using |P| < 3dy,..;2 < ki, and [R,, N C; N Ciq| > Ay, + 1 this implies
that there is a length < d,, switching path () avoiding P from v; to a vertex
v € R, NC;NCiyq. Let P’ be the subpath of P from u to v;. By Lemma 4.2,
P’ + @ is a length < d,_ . switching path from u to v.

Notice that all the conditions of Lemma 4.32 hold with C' = C;, A = \;,
u=u,v=uv,and P = P '+ Q. In addition, (i) cannot hold since we are
assuming that u is a vertex for which the theorem is false. Therefore part (ii)
of Lemma 4.32 occurs, i.e. we obtain a set R which is (\;+1)-reached by v and
has |R| > |C;|+ (e —7d)n. Since v is in the (A;11)-component Cy,1, we have a
set R, with |R, A Cy1| < 6n such that R, is (\;;1 — 3)-bypassed by v. From
Lemma 4.22 we have \;+1 < \; ;1 —3. Since v (\;+ 1)-reaches R, (\j11 —3)-
bypasses R, and \; +1 < Ay — 3 we get |[R\ R,| = |[RN R,| < Yoipr—3)M
(using the monotonicity of reaching.) Combining this with |R, A C;11| < dn,
|R| > |Ci| + (e — 7d)n, and n > Ny we get

|Cita]| = [Ro| = [Ry \ Cia| = [R] = |[R\ Ry| — [Ry A Ciya
> |G| 4+ (e = T0)n — yr,,,—zyn — on > |Cy| 4 en/2.
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Iterating |Ciq| > |Ci| +en/2 fori=1,...,457" gives |Cys-1| > 26 ten >
n which is a contradiction to Cys-1 C V(D). O

Using Theorem 4.1 and Lemma 3.7 it is easy to prove our approximate
version of Conjecture 1.2.

Proof of Theorem 1.3. Let Ny = Ny(0.9¢) be the constant from Theorem 4.1,
and let G' be a properly coloured bipartite multigraph with n > Ny colours
having > (1 + €)n edges of each colour. Let M be a maximum rainbow
matching in G. Let X and Y be the parts of the bipartition of G and X, =
X\ V(M). Suppose for the sake of contradiction that M misses a colour c*.
Let D¢y be the labelled directed graph from Definition 3.1 corresponding to
M. By Lemma 3.2, D¢ js is out-properly labelled and simple. By Lemma 3.7
we have that for any vertex v € V(D¢ ) and any set of labels A amidst ¢*
and v we have |N;(v)] > |A| — |Xo| + en —1 > |A] — | Xo| + 0.9en. This
contradicts Theorem 4.1 applied with € = 0.9e. O]

5. Concluding remarks

Here we make some remarks about the proof in this paper and directions
for further research.

Improving the bound in Theorem 1.3

In this paper we proved an approximate version of the Aharoni-Berger
Conjecture. Naturally, the main direction for further research is to improve
the dependency of Ny on € in Theorem 1.3, and eventually prove the full
conjecture. The dependency which follows from our proof is extremely bad—

for € > 0, we have Ny = twr (2 . 46_9>. This dependency can surely be

significantly improved by tweaking the proof in various ways. The author
believes that getting a polynomial error term is out of reach of the methods
in this paper.

Problem 5.1. For some a < 1 prove the following. Let G be a properly
edge-coloured bipartite multigraph with n colours and at least n+n® edges of
each colour. Then G has a rainbow matching using every colour.

Of particular interest would be to solve the above problem for some a <
1/2. This is because there are some natural variants of the Aharoni-Berger
Conjecture, where n'/? is the best currently known bound on the error term.
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One of these is the version of the Aharoni-Berger Conjecture where not every
colour needs to be used in the rainbow matching. Specifically it is know that
in every properly edge-coloured bipartite multigraph with n colours and at
least n edges of each colour, there is a rainbow matching of size n — y/n (see
[13, 14].) Also recall that Haggkvist and Johansson proved an approximate
version of the Aharoni-Berger Conjecture when when the colour classes in G
are all disjoint perfect matchings. In their paper [11] they say that “it will
be clear from the proof that in order to reach e < n~Y2 some new ideas must
be found, if indeed the theorem is valid in this range.” This suggests that
v/n is a natural barrier for their techniques as well.

Finally it would be extremely interesting to show that every properly n-
edge-coloured bipartite multigraph with n 4 o(log®n) edges of each colour
has a rainbow matching using every colour. This would improve the best
known bound on the Brualdi-Stein Conjecture [15].

Following this paper’s announcement, Gao, Ramadurai, Wanless, and
Wormald [16] solved Problem 5.1 when an additional restriction is placed on
the multigraph — that the multiplicity of each edge is at most \/n/log? n.
Together with the Haggkvist-Johanson approach [11], and the author’s first
approach [8], this gives three different approaches which can prove an asymp-
totic version of the Aharoni-Berger Conjecture when the underlying graph
is simple. However, when the underlying graph is a general multigraph,
then the approach in this paper remains the only known way to prove the
Aharoni-Berger Conjecture asymptotically.

Improving the bound in Theorem 4.1

In this paper and [8] we introduced a directed graph based approach to
the Aharoni-Berger Conjecture. It would be interesting to know how far this
approach can be pushed. A specific open problem is to find out how small
Ny in Theorem 4.1 can be. Perhaps with some completely different proof
technique, Theorem 4.1 can be proved with much better bounds? Of partic-
ular interest is to find out whether there are serious barriers to this approach
proving the full Aharoni-Berger Conjecture. For example—for every C' € N,
are there labelled directed graphs such that for all u,v € V(D) and set of
labels A amidst u and v we have [N} (v)| > |A] — | Xo| + C?”

Non-bipartite graphs

The problem dealt with in this paper can be asked for non-bipartite
graphs as well i.e. what is the smallest f(n) so that given n matchings of size
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f(n) in a (not necessarily bipartite) graph G, there is a rainbow matching
using every colour. The following conjecture about this appears in [16].

Conjecture 5.2 ([16]). Let G be a properly edge-coloured bipartite multigraph
with n colours having at least n+2 edges of each colour. Then G has a rainbow
matching using every colour.

The motivation for asking for n+2 edges of each colour (rather than n+1
like in Conjecture 1.2) is that in the non-bipartite case there is an example
of graph with n 41 edges of each colour and no rainbow matching using each
colour. This example is to take two vertex-disjoint copies of K4 and properly
edge-colour it using 3 colours. This graph has 4 edges of each colour, but it
is easy to check that it has no rainbow matching of size 3.

Some progress has been made on Conjecture 5.2 since this paper has been
announced. Keevash and Yepremyan [17] showed that if the multiplicities are
< o(n) and each colour appears at least (1 + o(1))n times, then there is a
rainbow matching using n — O(1) colours. Gao, Ramadurai, Wanless, and
Wormald [16] proved that if the multiplicities are < \/n/log?n and each
colour appears at least (1 + o(1))n times, then there is a rainbow matching
using every colour. When restricted to bipartite graphs, both of these results
are qualitatively weaker than the one in this paper (since Theorem 1.3 places
no restriction on the multiplicities).

It is natural to ask whether the methods in this paper can prove an
approximate version Conjecture 5.2 without any restriction on the multi-
plicities. While the author isn’t aware of any inherent barriers preventing a
suitable generalization from existing, it certainly is no easy task to find one.
Indeed the construction of the auxiliary directed graph Dg ps relied heavily
on the graph G being bipartite, and it is not clear what natural auxiliary
directed graph could be useful in the non-bipartite case.

Different approaches based on directed graphs

Theorem 1.3 was proved by considering a directed graph Dg as corre-
sponding to G and studying paths called “switching paths” in D¢ ps. Nei-
ther the definition of D¢ nor the notion of “switching path” which we
used are canonical. There are variations of these definitions which could be
used to prove the same theorems. For example, instead of the directed graph
D¢y perhaps one could consider an alternative definition where edges go-
ing through Y, in G somehow corresponded to edges in D¢ 5. Instead of
switching paths, one can use the following.
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Definition 5.3 (Weakly switching path). A path P = (po,...,ps) in an
edge-labelled, directed graph D is a weakly switching path if the following
hold.

e P is rainbow i.e. the edges of P have different labels.

o If pipis1 is labelled by a vertex v € V(D), then v = p; for some 1 <
J<d.

The difference between “weakly switching path” and “switching path” is
that for weakly switching paths if p;p;, 1 is labelled by v € V(D) then we only
ask for v to be a non-starting vertex of P (whereas for “switching path”, we
wanted v to precede p;p;+1 as well.) It is not hard to check that everything
in Section 4 stays true if we replace “switching path” by “weakly switching
path”. Also a “weakly switching path” version of Theorem 4.1 follows from
the version of Theorem 4.1 which we prove (just because switching paths are
a special case of weakly switching paths.)

The above discussion suggests that weakly switching paths are perhaps
a better notion to use in future research. The reason we didn’t use them in
this paper is a little bit technical. If we changed “switching path” to “weakly
switching path” in the definition of “v A-reaching R”, then we would allow
paths P from v to € R which have an edge labelled by x. This causes a
problem in the proof of Lemma 4.26 since there we want to construct paths
from v through a vertex r with no edges labelled by . However it is not
hard to overcome this issue and prove a version of Theorem 4.1 whilst working
directly with weakly switching paths (for example by suitably changing the
definition of “reaching”.)
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